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Master Equations

-­‐	
  Discrete	
  state	
  stochastic	
  system
-­‐	
  Relevant	
  in	
  biophysics	
  and	
  chemistry
	
  	
  	
  	
  	
  	
  (when	
  systems	
  are	
  well	
  mixed	
  but	
  numbers	
  are	
  low)

d

dt
Pn =

�

M

(WmnPm −WnmPn)
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Master Equations

-­‐	
  Efficient	
  to	
  simulate	
  (Gillespie	
  algorithm)
	
  	
  	
  	
  	
  	
  	
  	
  	
  Generate	
  a	
  trajectory	
  by:
	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  drawing	
  the	
  random	
  time	
  of	
  permanence	
  in	
  a	
  given	
  state
	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  drawing	
  the	
  next	
  state	
  with	
  the	
  proper	
  probability

-­‐	
  Less	
  efficient	
  when	
  multiple	
  timescales	
  are	
  present

d

dt
Pn =

�

M

(WmnPm −WnmPn)
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fast vs slow states

-­‐	
  Markov	
  -­‐>	
  lifetime	
  of	
  states	
  is	
  well	
  defined

-­‐	
  How	
  to	
  eliminate	
  fast	
  states	
  from	
  the	
  description?

τn =
1�

k Wnk

d

dt
Pn =

�

M

(WmnPm −WnmPn)
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Pictorially:

large state description clumping 1 with 
2 and 3 with 4
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existing methods

-­‐	
  Principal	
  components	
  (reduce	
  the	
  matrix	
  by	
  eliminating	
  
large	
  eigenvalues)

-­‐	
  Steady	
  state	
  approximations

-­‐	
  Mixed	
  multiscale	
  methods	
  (consider	
  some	
  degrees	
  of	
  
freedoms	
  as	
  continuous)

Gfeller and De Los Rios (2007), Rao and 
Arkin (2003), Haseltine and Rawling (2002)
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coarse graining recipe

-­‐	
  decimate	
  “fast”	
  states	
  
-­‐	
  renormalize	
  other	
  transitions	
  

SP and A. Vulpiani, J. Chem. Phys. (2008)

WR
kj = Wkj + Wkn

Wnj

W out
n

ansatz: time spent in fast states = 0
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commutativity

τn =
1�

k Wnk
change during sequencial decimation

τ∗

τ1 τ2τ0τ3 τ4 τ5

if fast states are defined unambiguosly,
the decimation procedure is commutative 
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example: escape rate

Wj→j±1 = exp
�
β

2
(Vj − Vj±1)

�

WR
A→B =

WA→A+1WA+1→A+2 . . . WA+N→B

W out,R
A+1 W out,R

A+2 . . . W out,R
A+N

WR
A→B =

1
�N

j=0 exp[β
2 (VA+j + VA+j+1)]

∼ 1
�N

j=0 exp(βVA+j)
result:
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example/2: rw with defects
N = 103-           states on a linear chain

- rates:                           or 
                                       with prob. p quenched

Wn,n−1 = Wn,n+1 = 1

Wn,n−1 = Wn,n+1 = 20

eigenvalues decay of correlation functions
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example/3: enzymatic reaction

E + S
k1−→←−−
k−1

ES
k2−→ E + P

100 substrate molecules
enzymes: (top) 1 (bottom) 100
(left)                        (right)k1 � k−1, k2 k1 � k−1, k2

v =
k1k2ET S

k−1 + k2 + k1S
quasi-equilibrium: michaelis-menten

- simple model of 
enzymatic reaction
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Question:
what is the effect of coarse graining on 

(fluctuation of) entropy production?

A. Puglisi, SP, L. Rondoni, A. Vulpiani, JSTAT (2010)

3

FIG. 1: A simple example of decimation which results in vanishing entropy production.

In the present paper, we address the questions concerning the validity of the FR, as well as questions

not considered in Ref.[10], regarding the effect of the decimation procedures on the behaviour of the

Cramer function.

Understanding how C changes under variations of the CGL is relevant, e.g. to interpret experimental

results, since they are always obtained at finite resolution (for instance in frequency, [4]). Likewise,

any model describing a real system is necessarily affected by some degree of approximation or of

idealism. For instance, the entropy production defined by Lebowitz and Spohn appears to be a rather

abstract quantity, depending on the direct and inverse trajectories in the state space, as well as on their

probabilities in the stationary state, cf. Section II. Furthermore, such a quantity cannot be measured

in a direct way. Therefore, it needs to be connected to directly measurable quantities, for its properties

to be assessed.

Naively, one may expect the entropy production computed through a model which encompasses

lots of details of the system of interest to be higher than that computed through less detailed models.

Consider for example the Markov chain depicted in Fig. 1a, with transition probabilities 2 → 1 and

3 → 4 much larger than the remaining ones. One may impose that a net current flows from 3 to 1

and from 2 to 4, by choosing transition probabilities P3→1 " P1→3 and P2→4 " P4→2 and by tuning

the other parameters so that all states have the same stationary probability. In this system, detailed

balance does not hold, hence the mean entropy production is positive. However, the mean entropy

production vanishes if the fast states 2 and 3 are decimated, and the Markov chain is reduced to the

one represented in Fig. 1b, where A corresponds to the old state 1 and B to the old state 4. Indeed,

detailed balance, which implies a vanishing entropy production, holds in any Markov chain with two

states.

In the following we consider Markovian systems described by a Master equation:

dPn

dt
=

∑

l "=n

PlWl→n − W 0
nPn (1)

where Wl→n is the transition rate from state l to state n, with l, n ∈ [1, N ], N being the number of

possible states of the process, Pn(t) is the probability to stay in the state n at time t, and

W 0
n =

∑

l "=n

Wn→l. (2)

non-equilibrium detailed balance
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entropy production

Wt =
1
t

ln
Wω0→ω1Wω1→ω2 ...Wωm−1→ωm

Wω1→ω0Wω2→ω1 ...Wωm→ωm−1

�Wt� = 0if detailed balance holds

lebowitz-spohn functional

the cramer function

always satisfies

C(Wt) = − lim
t→∞

1
t

log[f(Wt)]

C(Wt)− C(−Wt) = −Wt

J. Lebowitz and H. Spohn, J. Stat. Phys. (1999)

(steady state fluctuation relation)
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first tests

(asymmetric) random walk with defects

1d 2d

Coarse graining does not alter the cramer function
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(tentative) theory

Wt =
1
t

ln
Wω0→ω1Wω1→ω2 ...Wωm−1→ωm

Wω1→ω0Wω2→ω1 ...Wωm→ωm−1

approximated by Qt =
�

α

A(�Cα)Gα(t)

A = log




�

j

Wnj ,nj+1

Wnj+1,nj



where G are the loop currents and 
A are the affinities

α
network decomposed into 

loops indexed by 

Coarse graining does not alter the affinities and (usually) does 
not change much the currents - significant change only if loops 

carrying current are destroyed
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hierarchical loops

no current on 3rd level

current on 3rd level

model system, tunable average current 
and typical rates of each level of loops
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example/2 kinesin

paradigmatic motor protein
walks on microtubules by alternating the two 

(identical) heads

R.D.V.A. Yildiz et al. Science (2004)
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Kinesin network

S. Liepelt and R. Lipowsky, PRL (2007)

Kinesin’s Network of Chemomechanical Motor Cycles

Steffen Liepelt and Reinhard Lipowsky
Max Planck Institute of Colloids and Interfaces, Science Park Golm, 14424 Potsdam, Germany

(Received 8 December 2006; published 20 June 2007)

A general network theory for the molecular motor kinesin is developed that is based on the distinct
chemical states of the motor and on recent observations about its mechanical steps. For small concen-
trations of adenosine diphosphate (ADP), the motor’s behavior is governed by the competition of two
chemomechanical motor cycles which determine the motor’s stall force. A third cycle becomes important
for large ADP concentrations. The theory provides a quantitative description for the functional depen-
dencies of different motor properties as observed in single molecule experiments.

DOI: 10.1103/PhysRevLett.98.258102 PACS numbers: 87.16.Nn, 82.39.Fk, 87.16.Uv

Kinesin is a molecular motor [1,2] that walks proces-
sively on microtubules and is essential for intracellular
transport and structure formation over many length and
time scales [3]. Its motor properties have been determined
in a long series of sophisticated experiments [4–16]. Its
processive walks consist of about 100 steps and take a
few seconds [4]. Each motor step consists of an 8-nm-
displacement along the filament [5] via ‘‘hand-over-hand’’
movement of kinesin’s two identical motor heads [13].
During each step, the motor hydrolyzes one adenosine
triphosphate (ATP) molecule into one adenosine diphos-
phate (ADP) molecule and inorganic phosphate, P [7]. The
released chemical energy then drives conformational tran-
sitions of the motor molecule and enables it to perform
mechanical work.

As far as theory is concerned, a large number of different
models has been discussed. Many of these models empha-
sized generic aspects and did not directly address specific
experimental data, see, e.g., [17]. In a series of papers,
Fisher and coworkers [18,19] developed discrete stochastic
models that matched several sets of experimental data
[9,11]. These latter models have, however, two important
limitations. First, they are based on a single motor cycle for
which the stall force is necessarily determined by the flux
balance between ATP hydrolysis and ATP synthesis [19].
Since the ATP synthesis rate is proportional to ADP con-
centration, the latter balance would imply that the ATP
hydrolysis rate vanishes at the stall force in the limit of
small ADP concentration. Recent experiments provide,
however, strong evidence that the ATP hydrolysis rate is
finite in this limit [15]. Second, the models in [18,19] do
not incorporate the energetics of ATP hydrolysis [20] and
the associated steady state balance conditions [21] that re-
place the usual detailed balance conditions and provide im-
portant thermodynamic constraints on the transition rates.

In this Letter, we present a general network theory for
the chemomechanical coupling of kinesin, see Fig. 1, that
incorporates (i) several motor cycles and (ii) the steady
state balance conditions for the transition rates. Our theory
provides a unified description for several sets of experi-
mental data, including two recent ones (i) by Carter and

Cross [15], who provided evidence that the displacement of
the kinesin motor involves only a single mechanical step
without substeps and that the backward steps may involve
ATP hydrolysis as well, and (ii) by Schief et al. [12], who
found that the motor velocity decreases both with increas-
ing P and increasing ADP concentration.

We start from a general description of the different
chemical states of the two-headed motor. These states are
connected by transitions corresponding to changes in
chemical composition, e.g., ATP binding, P release, etc.,
We focus on the motor’s processive motion for which the
two motor heads are expected to be ‘‘out-of-phase.’’ This
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FIG. 1 (color). (a) Chemical cycle for a single motor head and
its reduction to 3 states; (b) Kinesin state space consisting of
32 ! 9 chemical states and 18 chemical transitions (full lines)
between these states; and (c) 6-state model obtained from (b) by
omitting the three states EE, DD and TT. The six states i !
1; 2; . . . 6 form a single chemical cycle, h1234561i. The mechani-
cal stepping transition h25i (broken line) divides this chemical
cycle up into two chemomechanical cycles, F and B, see text.
Every line between two states i and j represents both the forward
transition, jiji, from i to j and the backward transition, jjii, from
j to i. As indicated by the vertical head displacements, the E and
T states are strongly bound whereas the D state is weakly bound
to the microtubule [6,16].

PRL 98, 258102 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
22 JUNE 2007

0031-9007=07=98(25)=258102(4) 258102-1  2007 The American Physical Society
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Kinesin network / 2
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conclusions
- simple coarse graining recipe appliable in  
     different contexts

- entropy production is weakly dependent on   
     coarse graining, if current-carrying
     loops are not destroyed

- question: how macroscopic is the entropy 
  production? cases in which the scale of the   
  relevant loops is not obvious.
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