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Absolute vs Relative dispersion

R(t) = X1 (t) — Xa(t)
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But we can understand much
reasoning on d,u which depends on the flow



Laminar vs Turbulent flows
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Turbolent motion
e strongly disordered both spatially &

temporally
e many active spatio/temporal scales

Fig. 41-6. Flow past @ cylinder for various Reynclds nembers,



Examples of Laminar flows

Typically there is a single characteristic scale L
below which the flow is differentiable 5RU x R

and above which there is a system depedent behavior with, possibly,
the effect of boundaries



Turbulen’r flows

© Re »>1 at scales small enough the statistical
¥~ properties expected to be independent of
the forcing mechanism --universal statistics--

What is the behavior of () pqy
At changing the scale R??
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Turbulence phenomenology
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Turbulence phenomenology
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Laminar vs Turbulent flows

A A Uncorrelated
57~u System dependent (57-“ 1/3 Velocities and
possibly ® o & .
o ‘ Possibly effects
effects 0 of boundaries
X T boundaries Universal
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behavior
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L=n r ! L r
e smooth at small scales e smooth at small scales r<«n
® large scales system dependent e non-smooth & universal at
e few active temporal & spatial intermediate scales m<<r«L
scales ® r>L system dependent but

almost uncorrelated velocities
e spatiotemporally disordered
e many spatiotemporal scales
excited



Relative dispersion
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Asymptotic regimes

1) short time behavior when particles start very close R(+=0)<<n i.e. at
scales where the velocity field (laminar or turbulent) is
smooth/differentiable (chaos at play)

2) Very large times (large separations R>>L) in the absence of boundaries
expected diffusive behavior if uncorrelated velocities

Non-asymptotic regimes
1) Presence of boundaries preventing or the possibility to reach an

asymptotic diffusive behavior

2) Presence of non-trivial correlations in the velocity as in the inertial
range of turbulence

3) Spurious effects!!!



Relative dispersion at small separations

We saw already that even regular velocity fields can generate
irregular particle trajectories so that both the evolution of their
position and of the lagrangian velocity is very irregular

Example From yes’rerday ’Q/)(‘L' Y, t) ’¢0 sin(z + B sin(wt)) sin(y)
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Lagrangian Chaos is a generic phenomenon present
in 2d flows if time-dependent
and in 3d also for steady flows

position
velocn‘y

What happen to two very close trajectories
in the presence of Lagrangian Chaos?



Sensitive dependence on initial conditions

Chaos: infinitesimally small separations are exponentially amplified in ftime

R(t) = X1 (t) — Xo(t)
R =u(X(t),t) — u(X(t) + R(t),t)

Tangent space / linearized dynamics  Strain matrix

R(0) = |R(0)| = | X1(0 — X2(0)| < n

R=46(X,(t),t)R 0i;(X1(t),t) = g::
J1X1(t),t

d=1 B(t) = o(t)1(¢) - R(t) = R(0)e™

R(t) _ R(O)efo so(s) _ W(O,t)R(O) Lyapunov e;aonen’r

(X1(0),4) = +1 @—1/2 (5)4225(0) = A(X:1(0)) = A
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Finite time Law of large ergodicity
Lyapunov exponent numbers
d>1 R(t) = W(0,t)R(0)

Evolution matrix (time ordered exponential)
We need to generalize the d=1 treatment to matricess
(Oseledec theorem (1968))



Sensitive dependence on initial conditions

R=4(X,(t),t)R ——=> R(t)=W(0,t)R(0)

1/2
[WT(O,t)W(O,t)J] — V(zo,t) === V(x0,t) = Q(x0,t)D(xo, t)Q (o, t)
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Positive & symmetric Finite time Lyapunov exponents

D(wo, t) = diag{e!7(#o1) . la(@o)

Oseledec--> 7i(Zo,1) v Ai(To) = \; if ergodic

A1 > Ao > ...> A4 Lyapunov exponents

Physical meaning of LEs

At
Ay => growth rate of infinitesimal segments * ¢ L(t) = L(0)e™"

A+, => growth rate of infinitesimal surfaces A(t) = A(0)ePatr2)t

M+A,+A; => growth rate of infinitesimal volumes

A+, +hs+...+Ay => growth rate of infinitesimal phase-space volumes



Relative dispersion at small separations
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Asymptotic behavior: an ideal case

Again the cellular flow Two asymptotics
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BUT in general there are several possible effects

e impossibility to reach asymptotic regimes due to boundaries

e non-trivial non-asymptotic regimes as, e.g., due to velocity
correlations as in furbulence

e Spurious effects due to fluctuactions of the growth rate



Spurious regimes due to fluctuations

Simple hand made example ! |

Rg(t) B R?2 exp(2~t) Rl o .'
~\ 1+4D(t—t*) R>1 |

Growth rate y fluctuates:
spurious anomalous superdiffusion
Intermediate regime

due to superposition of exponential
and linear behavior

Physics is in the scale
not in the time

we need to disentangle
the separation growth at
different scales




A less hand made example

Dispersions of tracers

In a disk with 4 point vortices

Bounded domain

no time asyptotics and
thus difficulty of
Interpretation: is the
observed anomalous
physically interesting?
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Scale dependent description

Idea: instead of averaging of separation at fixed times
performing averages of first exit time to reach a given separation

Fixed time
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Finite Size Lyapunov Exponent

Aurell et al (1996)



Scale dependent description

Fixed time Fixed separation
, ) Scale dependent
Relative separation FSLE diff coeff
(R*(t)) MR) = Inr/(T(R)).|| D(R) = \(R)R?
R(t) = R(0)e™ A(R) =\ D(R) o AR?
(R*(t)) < Dt AMR) x DR™2 || D(R)xD
(R2(t)) o t° AMR) x R—% || DR)oxR™

advantage of AM(R) & D(R)

no more spurios contaminations between regimes which

pertain to different scales and thus different physics
Artale et al Phys. Fluids 1997




Re-examining previous examples

P(x,y,t) = Yo sin(z + Bsin(wt)) sin(y)
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In good cases the two methods are equivalent



Re-examining previous examples

2. | Riexp(29t) R<1
i (t)—{ AD(t—t*) R>1

.00-<§>0='}:.'0 . ._.

With fixed separation analysis
No more spurious regime

Artale et al Phys. Fluids 1997



Re-examining previous examples
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Anomalous scaling is here
a spurious effect

Simply assuming -
exponential relaxation fo .
uniform distribution with

time scale t

Artale et al Phys. Fluids 1997 oot




Easy to compute in experiments
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Relative dispersion in turbulence
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Relative dispersion in turbulence

Small scales Inertial scales Large scales

0 RU X R 0 RU X Rl/ . 0 RU ~~ U
Chaotic dispersion Richardson Dispersion Standard Dispersion
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Measuraments in DNS

DNS 10243
Usual Fixed time analysis
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Finite extension of inertial range &
Memory of initial separation

R — (5Ru e R1/3
R(t) ~ (R*2(0) +8)%/2 - £3/°
Difficult to observe

Fixed scale analysis
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FSLE only depends
on the scale: reduced
effect of initial separation

Decreases the effect of
Crossovers revealing the
Interesting regime

Biferale et al Phys. Fluids 2005



Measurament in Experiments

Pair Dispersion in Turbulence

Mickagl Bourgoin"', Nicholas T. Quellette’, Haitao Xu', Jacob Berg'? & Eberhard

Bodenschatz'*  Science 2006

Re=4x10°

but short times & large separation:

R*(t) ~ (Op(o)V)*t?

Large scales are slow
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DNS vs EXPERIMENTS

DNS

Pros:

eSmall initial
separation

eLong times tracking

Cons:
eShort inertial range

EXP

Pros:
e Extended
inertial range

Cons:
® |arge separation
® short times tracking



Eulerian Intermittency: Corrections to K41

TL

K41- would suggest ((dru)") ~ T3

Experiments?
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Deviations are obseved->intermittency->broken selfsimilarity
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Lagrangian intermittency
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Sort of “strong” anomalous disperion induced by non trivial
velocity correlations
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Boffetta & Sokolov PRL 88, 094501 (2002)



Conclusions

Small separation asymptotics: chaos Lyapunov exponents

Intermediate separation: non-universal behaviors depending
on the system, e.g. in turbulence Richardson dispersion

Large separation asymptotics: diffusive if no boundaries

Spurious effects can be reduced/eliminated with fixed
separation analysis and crossovers reduced

In turbulence: Richardson dispersion sftill to be explored
both in exp & dns, interesting challenging issue
intermittency which similarly to “strong” anomalous
behavior need proper modelization
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Relative dispersion help
understanding particle spreading

From Boffetta
Particle spreading in a turbulent flow



