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Transport + reactions modeled by (mean-field) kinetic equations

Does this apply to very dilute settings?
(very few particles at the scales of the variations of    ) 

Dilute reactive systems
Planet formation

Secondary pollutants

Cloud microphysics

Secondary pollutants

Plankton blooms

@t⇢+r · (⇢v) = R[⇢] + r2⇢

v



Size distribution of droplets?
Quantifying the growth by coalescence is 
required to understand timescales of rain 
formation
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Example: warm-cloud droplets
Secondary pollutants

convection

coalescence

settling

Traditional (mean-field) approach
Smoluchowski coagulation

...

Effects of turbulence and diluteness?
Stratocumulus cloud: droplet diameter ≃ few µm
                                  ≲ 1 droplet / mm3

                                       ≃ 1 mm (Kolmogorov turbulent dissipative scale)
                                  L ≃ 100-1000 m (largest scale of turbulence)
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Monte−Carlo
Mean field

d⇢

dt
= �µ ⇢2

) ⇢(t) =
⇢0

1 + µ ⇢0 t

@t⇢ = R[⇢] + r2⇢+G[⇢]⇠(t)

Finite-number effects
Annihilation process

µ
A + ?A

Fluctuations due to diluteness can be modeled by a 
multiplicative (imaginary) noise:

Reaction-diffusion      [cf. works of Cardy, Doi, Gardiner, Glauber, Peliti...]

Mean field:

Deal with the full master equations on the lattice, make use of Poisson 
representation/coherent states decomposition...

Does not work predict the large-
time behavior



For 1µm water droplet in air         1µm

Underlying assumptions:
- very large number of particles at the coarse-graining scale
- well-mixing: at that scale, all particles react together, i.e.
- the flow does not vary at such a scale

v

|Xj �Xk| < a

@t⇢+r · (⇢v) = ��⇢2 + r2⇢

r̄
r̄ ⌧ a

dXj
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= v(Xj , t) +

p
2⌘j(t)

`B '

Advection-reaction
Previous approach does not straightforwardly extend

prescribed

µ
A ?A when

Mean field:

Here we neglect diffusion (transport is dominant at reaction scales)
a � `B ⟵ Batchelor scale

r̄ ⌧ `K

`B = (/⌫)1/2`K
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v ' u� ⌧p
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Dt
v(x, y) = u(x, y, h)
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(r · v)2

krvk2

Compressible transport

Combined effects of concentration and diluteness on the 
reaction rates?

Tracers in a random Gaussian compressible flow

Particles with a small inertia
Surface flows
⇒ characterized by clustering properties

Compressibility

How do the correlations in the particle trajectories induced 
by     enter the game ?v

Prob {|X1 �X2| < r} / rD2

⌧ rd

} = 0

} = 1

incompressible
potential
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reaction among 
the    particlesn

Master equations
Joint    -point number density n

⇒ ensemble average with respect to the reactions

one of the    
particles react 
with another

n

transport



Characteristics:
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Lagrangian approach
Closed hierarchy if the initial number of particles      is fixed

⎧
⎨
⎩

[no reactions]

⇒ recurrence to solve at an arbitrary order

= average over sets of      tracer trajectories satisfying the final condition

with



effective rate      depends on the order
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Long-time behavior
At large times

+ average with respect to the velocity field realizations

increasing function

Moments are dominated by          :n = 2 hNp(t)i / e��2 t
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FIG. 2: Monte-Carlo simulation of the A+A ! 0 reaction in D = 0. Amplitude of the velocity field A = 1/
p
3.
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FIG. 3: Monte-Carlo simulation of the A+A ! 0 reaction in D = 0. Amplitude of the velocity field A = 1/
p
3.

Appendix A: Distribution of ⌧s

Let us to consider the random variable

⌧s =

Z ⌧L

0
✓(a� |R1(s)�R2(s)|)ds. (A1)

where ⌧L is the correlation time of Lagrangian trajectories.
We are interested on computing the mean value and variance of ⌧s. The first step is to find and estimate of the

correlation time ⌧L. This time corresponds to the time needed by two particles initially separated by at a distance r
to reach the size of the domain L. This time is directly given in terms of the largest mean Lyapunov exponent of the
flow �1 and the initial distance, it reads

⌧L(r) = � 1

�1
log

r

L
(A2)

In the stationary state, the probability of having two particles at distance least equal than r is given by P<
2 (r) =

← numerics in a random 
Gaussian velocity field



Heuristically                               (⇔ quenched disorder)

Long-time closure

n1(t) ⌘ hN(t)iµ = F1(t), n2(t) ⌘
1

2
hN(t) [N(t)� 1]iµ =

1

2
F2(t).

Long-time behavior dominated by two-particle dynamics
all moments decay with exponential rate              ⇒ closure N0 = 2
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Rate function           , convex, attaining its minimum equal to 0 for     

Central-limit

Hitting time

exponential distribution:



Effective rate12

0

5

10

15

1.0 1.4 1.8 2.2 2.6 3.0

H
(O

)

O

P2
<

P2
<-m/100 P2

<+m/100

x10-5

x10-3

(A)

t=1 105

t=2 105
t=3 105

t=4 105

10-7

10-6

10-5

10-4

10-3

10-2

10-4 10-3 10-2 10-1 100 101 102 103 104

a

µ

µ P2
<(a)-µ2m2/2

a'=1/Thit

(B)
10-7
10-6
10-5
10-4
10-3
10-2
10-1

10-4 10-3 10-2 10-1 100 101

P 2< (a
) -

 a
/µ

µ

µ m2/2

Fig. 4.1 (Color online) Data obtained by using the Kraichnan flow, see Sec. 5 for details. (A)
The rate function H as a function of Q for a/L = 5 · 10�3 and √= 0.1 at different times as
labeled. The solid black line denotes the central limit theorem approximation H (Q) = (Q �
P

<
2 (a))2/(2s2). The arrows show where the minimum H = 0 is attained, i.e. for Q = P

<
2 (a),

and the region of validity of the approximation. (B) g vs µ for √= 0.1 and a/L = 5 · 10�3 the
solid lines shows the small (4.10) and large (4.14) µ asymptotic, respectively. The inset blows up
the small µ asymptotics showing that P

<
2 (a)� g/µ ⇡ µs2/2 so to make evident the quadratic

CLT corrections as from Eq. (4.10).

where s2/t is the variance of the fraction of time Q spent by the pair at a distance
less than a. This behavior is apparent figure 4.1 (B) where the effective rate is
displayed for the same flow. The expression (4.10) is valid as long as Q? is close
enough to P

<
2 (a) to neglect the sub-leading terms in the quadratic approximation

for H , i.e. in the domain of validity of the CLT. Notice that (4.10) requires µ ⌧
P

<
2 (a)/s2. Observe also that the naive estimate (4.5) for a quenched velocity field

only captures the linear behavior of g close to µ = 0.
The asymptotic behavior of g at large values of µ relates to that of the rate

function H at small values of the fraction of time Q spent below a, indeed, from
(4.9) we have

lim
µ!•

g = lim
Q!0

H (Q). (4.11)

The events leading to small Q ’s correspond to those in which the particle-pair
separation remains larger than a for a very long time. More precisely, the value
of H at Q = 0 relates to the distribution of the random time Thit needed by pairs
that are initially far apart (e.g. at separations of the order of the system size) to
approach each other at a distance less than a. We can indeed write

P(Q < e) = P(Q < e |Thit > t)P(Thit > t)+P(Q < e |Thit < t)P(Thit < t). (4.12)

When Thit > t, the two particles have never been at a distance less than a, which
implies P(Q < e |Thit > t)= 1 for any e > 0. Conversely, when Thit < t, the fraction
of time Q is finite and P(Q < e |Thit < t)! 0 for e ! 0. Hence, it follows that

H (0) =� lim
t!•

1
t

lnP(Thit > t). (4.13)

Different behaviors of the effective rate are thus expected depending on the tail
of the distribution of Thit. For the proposed large-deviation approach to be valid,
one expects P(Thit > t) to decrease at least as fast as an exponential. Otherwise,
one would obtain H (0) = 0, violating the convexity of H . When P(Thit > t)
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Random Gaussian compressible flow
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R = a  

R = L  

time

ln
 R

/L

T n
hit T n+1

hit
T n� 1

hit

T n� 1
esc

T n
esc

Fig. 4.2 Illustration of the decomposition in hitting events of duration T

n

hit and escapes of dura-
tion T

n

esc as discussed in the text.

decreases faster than an exponential, H (0) = •, and the effective rate g ! •
for µ ! •. The way it diverges cannot be obtained from the distribution of Thit
only, as it depends on the functional form of H close to Q = 0. In the interme-
diate case, when P(Thit > t) decreases as an exponential, H (0) is finite and the
effective rate approaches a finite value g• = H (0) when µ ! •. Depending on
whether µ? = �dH /dQ |Q=0 is finite or not, g saturates to g• for µ > µ? or ap-
proaches it asymptotically. Note that an exponential behavior for the tail of the
distribution of Thit is not a particular case but is actually expected to be a quite
generic circumstance. Indeed, when considering times much longer than all rel-
evant timescales of the flow, memory loss implies that the hittings of a form a
Poisson process, and the hitting time is an exponential random variable. This is
directly corroborated when considering the Kraichnan flow (data not shown). For
an exponential distribution of the hitting time we simply obtain

g• =
1

Thit
. (4.14)

This asymptotic behavior is also observed in figure 4.1 (B) for large values of µ .
In the next subsection we introduce and study a phenomenological model for

which the rate function can be explicitly computed.

4.3 A phenomenological model for reactions in bounded chaotic flows

The essence of chaotic flows is the competition between stretching and folding.
Stretching results from the fact that close trajectories separate exponentially at a
rate given by the largest Lyapunov exponent l . Folding, which is generally due to
boundary conditions, prevents the inter-particle distance to grow indefinitely and
is necessary for the system to converge to a statistical steady state. Qualitatively,
the time evolution of the distance R between two particles resembles the trajectory
shown in Fig. 4.2. The particle pair spends long times at a distance of the order of
the size L of the domain and performs rare excursions to very small separations.

When interested in particles reacting within a distance a⌧ L, it is quite natural
to decompose the inter-particle dynamics in a sequence of consecutive phases,
each corresponding to a given approaching event and separated by returns to L.
Starting from R = L, a first time subinterval is required to hit a for the first time.

Over-simplification of the dynamics in a bounded domain

exponential distribution with average

dominated by the exponential separation for

Time spent below    is assumed 

and � =
1
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h
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2 (a)Thit µ
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       Gaussian with zero mean and correlation vi(0, t)vj(r, t0) = 2Dij(r)�(t� t0)
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Kraichnan velocity ensemble

Lyapunov exponents

Separation         diffusive process with generator

v

Correlation dimension

Lognormal separations:                              is a Brownian motion with drift
(Gawedzki & Horvai 2004)
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with the boundary conditions                   ,                       and 
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Feynman–Kac
n2(t) = e�µ

R t
0 ✓(a�R(s)) ds

Feynman–Kac formula:

[Donsker–Varadhan 1975]

Effective rate     = largest eigenvalue of 
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5.3 Effective rate for the Kraichnan flow

The Feynman-Kac calculations presented in the previous section are independent
of the space dimension d. This is a direct consequence of the fact that the diffusive
behavior of the logarithm of the relative distance x = log(r/L) does not present
any dependence on d other than through l1 and D (see equation (5.7)). In the
following, we will thus focus on the two-dimensional case, which is the simplest
non-trivial example. In particular, we shall consider compressibility values √ <
√

c

= 1/2 to stay away from the trapping regime, which is trivial from the point of
view of reaction dynamics.

As discussed at length in the previous sections, the long-time statistics of very
dilute systems is dominated by the two-particle effective reaction rate g . This is
confirmed by numerical simulations of the compressible Kraichnan flow: as shown
in Fig. 3.1 the decay of the moments of the number of particles is indeed asymp-
totically dominated by g . Therefore, here, we focus on the two-point dynamics.

The effective rate as a function of µ for different values of the compressibility
is displayed in figure 5.1. Both, Feynman-Kac calculations and numerics are in
good agreement. Tiny discrepancies are due to the lack of numerical precision
when estimating the exponential in (4.3) for large µ . It is apparent in figure 5.1
that compressibility enhances reactions. The same behavior is also observed in
d = 3.

The effective rate clearly exhibits two different regimes for small and large
values of µ . For small µ , the observed linear behavior is given by the naive ap-
proximation gnaive ⇡ µP

>
2 (a) (see equation (4.5)). This approximation remains

valid as long as µ is much smaller than the fluctuations of the fraction of time Q .
From the central limit theorem prediction (4.10), we infer that this crossover takes
place for µ⇤ ⇠ P

>
2 (a)/s2. Using (5.12) we thus obtain that the linear behavior

on the microscopic rate, only holds for µ ⌧ D2l1, as confirmed in figure 5.1. On
the other hand, for large µ , the rates saturates to the value 1/Thit. We can estimate
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Fig. 5.1 (Color online) g vs µ for different values of√. Solid lines are obtained by the Feynman-
Kac calculations (5.10) and symbols by numerical simulations. The Lyapunov exponent l1 de-
creases from 2 to 0.6 when the compressibility is increased from 0 to 0.35 respectively.

Transcendental equation:                 



Thit ⇠ (1/�1)P
<
2 (a) a ⌧ L

a

Dependence on parameters
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the transition to the saturated regime by extrapolating the naive approximation to
the saturated value: µsat P

<
2 (a) = 1/Thit. As stated at the end of section 4.3, by

the Kac Recurrence Lemma [20], it is expected that Thit ⇠ (1/l1)P<
2 (a). This is

confirmed in figure 5.2 (A), which shows Thit as function of a/L for various val-
ues of the compressibility. We thus have that µsat ⇠ l1. The proportionality factor
depends in a non trivial way on the correlation dimension D2 and a/L. Figure 5.2
(B) displays µsat/l1 as a function of the compressibility √ for different values of
a/L. In the limit √!√

c

, µsat has a finite value while l1 = 0 and thus µsat/l1
diverges. Notice that in such limit D ! 3D1(d �1)d while l1 ! 0, meaning that
(5.6) reduces to the diffusion operator without drift. For larger values of the com-
pressibility all Lyapunov exponents become negative and the particles concentrate
on points.
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Fig. 5.2 (Color online) (A) Thit as function of a/L for different values of the compressibility.
The black dashed line correspond to (l1P

<
2 (a/L) for each compressibility. (B) Dependence of

µsat/l1 on the compressibility √ for different values of a/L. For both figures Thit was directly
obtained from (5.10) in the limit µ ! • .

5.4 Beyond the Kraichnan model

We conclude this section stressing that the Kraichnan model, for which the prob-
lem of determining the effective particle-pair reaction rate can be analytically
solved, can also be seen as a first approximation for more general (time-correlated)
flows. Indeed the essence of (5.6) is that the separation R(t) between two particles
pairs which start at time 0 with a separation R0 follows the lognormal distribution

P(R, t) =
1
R

1p
2pD

exp

� [ln(R/R0)�l1t]2

2D t

�
. (5.13)

This law, which is exact in the Kraichnan model [11], represents a fairly good
approximation for generic chaotic systems provided fluctuations are not too wild,
see e.g. Ref.[24,4]. Therefore, within the limit of validity of the lognormal ap-
proximation for generic chaotic flows we can assume that the effective rate can be
reasonably approximated assuming the validity of (5.6) with l1 and D depending
on the flow details. Furthermore, for a smooth velocity field, if the dynamics is

when
Kac recurrence lemma

Dependence on the reaction scale Dependence on compressibility }

Non-monotonic behavior



Conclusions
Effective reaction rates relate to two-particle dynamics and to 
the large deviations of the local time spent at a distance smaller 
than the interaction radius

The effective rate can be computed for particles transported by 
velocities given by the compressible smooth Kraichnan model

Extension to the non-smooth case: in Kraichnan, the distance is 
then a Bessel process. Local time statistics?

The proposed formalism extends to more complicated dynamics
Ex: inertial particles with a position/velocity phase-space dynamics and 
reaction rates that depend on both distances and velocity differences


