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We present results of a simulation study of inelastic hard disks vibrated in a vertical container. An event-
driven molecular dynamics method is developed for studying the onset of convection. Varying the relevant
parameters(inelasticity, number of layers at rest, intensity of the gravity) we are able to obtain a qualitative
agreement of our results with recent hydrodynamical predictions. Increasing the inelasticity, a first continuous
transition from the absence of convection to one convective roll is observed, followed by a discontinuous
transition to two convective rolls, with hysteretic behavior. At fixed inelasticity and increasing gravity, a
transition from no convection to one roll can be evidenced. If the gravity is further increased, the roll is
eventually suppressed. Increasing the number of monolayers the system eventually localizes mostly at the
bottom of the box: in this case multiple convective rolls as well as surface waves appear. We analyze the
density and temperature fields and study the existence of symmetry breaking in these fields in the direction
perpendicular to the injection of energy. We also study a binary mixture of grains with different properties
(inelasticity or diameters). The effect of changing the properties of one of the components is analyzed, together
with density, temperature, and temperature ratio fields. Finally, the presence of a low fraction of quasielastic
impurities is shown to determine a sharp transition between convective and nonconvective steady states.
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I. INTRODUCTION

During the last two decades there has been an upsurge of
interest for the physical mechanisms which control the be-
havior of granular media, i.e., systems consisting of a large
number of macroscopic grains, such as sand, cereals, pow-
ders, etc.[1]. These materials play an important role in many
industrial and technological processes and in natural phe-
nomena and their handling has developed into a multi-
billion-dollar industry. Much experimental and theoretical ef-
fort has been spent on understanding their behavior under a
variety of conditions. Among the most frequently studied
systems are the so called granular gases[2], obtained by
subjecting to an external driving force an assembly of grains,
so that their behavior resembles that of a molecular gas.
However, important differences between the microworld and
the macroworld, i.e., between the atomic scale and the mil-
limeter scale, render the analogy incomplete, so that one can-
not infer their properties from the knowledge of the molecu-
lar level. This irreducibility stems chiefly from the presence
of nonconserving forces. Striking manifestations of the pe-
culiarity of granular gases are the non-Maxwellian velocity
distributions, the shear instability, the cluster formation to
mention just a few.

A typical experiment aimed to probe the behavior of
granular gases consists of a vertical container partially filled
with spherical particles which are accelerated by a vertically
vibrating base[3]. The competition between the dissipation
of kinetic energy, due to inelastic collisions between the
grains, and the energy provided by the external driving force
may lead the system to exhibit a variety of nonequilibrium

statistically steady states. The phenomenology resulting from
such a simple experimental setup is incredibly rich and by no
means trivial. In addition, by varying the control parameters,
such as the number of particles, the driving frequency and
amplitude, the container aspect ratio, one can observe the
crossover from one dynamical phase to another. The explo-
ration of the resulting phase diagram has been conducted by
means of laboratory experiments and numerical simulations.
Several properties have also been obtained by granular hy-
drodynamics and kinetic theory. However, such calculations
are difficult as the walls and the moving base of the container
together with the gravitational field break the translational
invariance of the system. As a result, one observes density
and temperature gradients which render the theoretical analy-
sis highly nontrivial. In addition, the description of the
boundary layers is out of the range of applicability of hydro-
dynamics.

In the present work we shall focus on the thermal convec-
tion instability in granular systems[4–9], which consists in
the appearance of convection rolls due to the competition
between temperature gradients and gravity. It appears to be
different from standard convection, which is induced by
boundaries and excluded volume effects[3,11]. Thermal
convection in granular media has been first observed in two-
dimensional(2D) simulations[4], confirmed by 3D experi-
ments[5], and analytically investigated in Refs.[8,9]. Some
numerical investigations can also be found in Refs.[6,7].
The underlying mechanism is analogous to Rayleigh-Bènard
convection in classical fluids[10], with the remarkable dif-
ference that in a vibrofluidized granular medium the required
temperature gradient sets in spontaneously as a consequence
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of the interplay between the collisional dissipation of energy
in the bulk of the granular gas and of the power injected by
the vibrating base.

Hereafter, we shall consider the onset of convective rolls
in monodisperse and bidisperse two-dimensional vibrated
granular gases and its similarity with the corresponding phe-
nomenon in ordinary fluids. In particular, we shall investi-
gate, by means of event-driven molecular dynamics simula-
tions, a series of predictions provided by the linear stability
analysis of hydrodynamic equations[9] for pure granular
materials. We shall address the limits of very low and very
high intensity of the gravity. In addition, we shall explore the
effects of polydispersity on thermal convection, studying a
binary mixture of granular gases[12–22,25] with different
mechanical properties(in particular, different coefficients of
restitution). We shall characterize the standard hydrodynamic
fields, namely, velocity, density, and temperature, both in the
presence and in the absence of convective rolls.

In Sec. II we define the model employed to simulate the
grains in the vibrated container, discuss the relevant dimen-
sionless control parameter, and recall the hydrodynamic pre-
dictions. In Sec. III we investigate the pure system and pro-
pose a qualitative comparison with the hydrodynamic
predictions[8,9] at high and low intensity of the gravity. In
Sec. IV we study the binary mixture case, measuring veloc-
ity, density, and temperature fields. In Sec. V we study the
effect of gradually adding a quasielastic component to a
monodisperse system composed of inelastic disks. We ob-
serve a sharp transition between a convective and a noncon-
vective regime. Finally in Sec. VI we present a brief discus-
sion and the conclusions.

II. THE MODEL

Let us consider an assembly of grains constrained to
move on a vertical rectangular domain, representing the con-
tainer, of dimensionsLx3Lz, and subjected to a gravitational
force acting along the negativez direction. The grains are
idealized as inelastic hard disks of diameters and are fluid-
ized by the movement of the base, which oscillates with
frequencyn=v /2p and amplitudeA. The collisions of the
particles with the side and top walls conserve their kinetic
energy since the latter are immobile, smooth, and perfectly
elastic. Instead, the collisions between grains are inelastic,
and will be represented by means of nonconstant coefficients
of restitution ai j , which are functions of the precollisional
relative velocity along the direction joining the centers of a
pair, Vn, according to the formula

ai jsVnd = 51 − s1 − r ijdS uVnu
v0

D3/4

for Vn , v0

r ij for Vn . v0,

where i and j indicate the species of the colliding particles,
r ij are constants related to the three types of colliding pairs,
v0=Îgs, andg is the gravitational acceleration. At large rela-
tive velocities the functionsai j assume constant valuesr ij ,
representing the coefficients of restitution, but tend to the
elastic valueai js0d=1 for collisions occurring with vanishing

relative velocity. We have checked the insensitivity of our
results on the choice of the value ofv0. The use of velocity
dependent coefficients of restitution has the merit of avoid-
ing anomalous sequences of collisions among “collapsed”
particles[26]. All the lengths are measured in terms ofs.

The full dynamics consists of a succession of free stream-
ing trajectories, which in the presence of the gravitational
field have parabolic shapes, and interparticle collisions or
wall-particle collisions. It is therefore very convenient to em-
ploy the event-driven molecular dynamics. We used the same
simulation code of Ref.[25].

The domain was divided into cells and in each cell time-
averaged quantities were computed in order to measure the
hydrodynamic fields. In such a coarse-grained description we
studied the densityrsx,zd and velocity fieldv̄sx,zd. The local
fluctuation of the velocity defines the granular temperature in
the cellCx,z centered around the point of coordinatessx,zd:

Tsx,zd =
m

2
kuv − kvlCx,z

u2lCx,z
,

where the symbolk·lCx,z
is an average performed in the cell

Cx,z. In the measurement procedure we discarded an initial
transient and focused on steady state properties.

From the analysis of the time-averaged velocity field we
identified the convection rolls without ambiguity by measur-
ing the circulationF of the velocity field[4]:

F =
1

Npaths
o
R

1

L„CsRd…
rCsRdv ·dl . s1d

The value ofF is obtained, in a steady state, by calculat-
ing the sum of the integrals alongNpaths different circular
pathsCsRd of radius R and of lengthL(CsRd) around the
center of the box. The circulation vanishes in the absence of
convection or in the presence of an even number of convec-
tion rolls, and is finite for an odd number of rolls.

To characterize the dynamical states of the system, it is
convenient to introduce three relevant dimensionless param-
eters[8,9].

The first parameter is the Froude number, which quanti-
fies the relative importance of the potential energy due to the
gravity with respect to the energy input at the base. In many
previous numerical studies[4,6], the base is “thermal”: a
particle colliding with the base is reinjected with a velocity
taken from a Gaussian distribution of given temperature
Tbase, and thus the Froude number is given byFr
=mgLz/Tbase. In hydrodynamical studies[8,9], the tempera-
ture at the base,T0, is a boundary condition andFr
=mgLz/T0. In our model, the base is really vibrating, and the
energy received on average by a colliding particle ismA2v2,
so that we can choose as definition forFr,

Fr =
2gLz

A2v2 =
Lz

zmax
, s2d

wherezmax=A2v2/2g is the maximum height reached by a
projectile launched vertically with initial velocityv0=Av. It
is worth to comment thatFr is employed in the present
analysis instead ofG=Av2/g, which represents the ratio be-
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tween the acceleration transmitted by the vibrating wall and
the gravitational acceleration. In the case of a vibrating base,
we note that, in contrast with the less realistic case of a
thermal wall[4,6] which has been used in previous simula-
tions, the mass of the particles does not appear in the defini-
tion of the Froude number; this is a relevant point when
studying mixtures since different masses do not lead to dif-
ferent Froude numbers. Moreover, the presence of a realistic
vibrating wall, instead of a stochastic hot wall(which are not
equivalent, see, e.g., Ref.[23]), represents a more severe test
of the conjectured convective scenario. In particular, one can
answer the question whether the movement of the base
breaks the structures and the correlations, and renders the
convective rolls unstable.

The second dimensionless parameter relevant for the
problem, the Knudsen number[8,9]

K =
2

Îp
ssLzknld−1 =

2
ÎpNlayers

s3d

is related to the mean free path andNlayers=Ns /L is the
number of filled layers at rest. Finally, in the case of pure
(monodisperse) systems, we consider the dissipative param-
eter

R= 8qK−2 = ps1 − rdNlayers
2 , s4d

whereq=s1−rd /2 is a measure of the inelasticity of the sys-
tem andr is the coefficient of restitution.R depends both on
the inelasticity and on the collision rate, sinceR→0 if either
r →1 or Nlayers→0.

It is useful to recall the hydrodynamic predictions con-
cerning the phase behavior of the system. In Refs.[8,9] it has
been presented the following phase diagram(see Fig. 1): at
fixed Fr and K, convection rolls appear with increasing in-
elasticity, i.e., if R overcomes a critical valueRc. Such a
value,Rc, is an increasing function of the Knudsen number
K, which in turn decreases with the number of particles
present in the system. With respect to the Froude number,
insteadRc is a nonmonotonic function ofFr. As shown in
Fig. 1, at lowFr (i.e., at low gravity or strong shaking), Rc
first decreases, i.e., convection is easier to obtain as the grav-
ity increases.Rc however reaches a minimum and thenin-
creasesas the gravity is further increased. In the following
section we show the main results of numerical simulations,
observing goodqualitativeagreement with predictions from
hydrodynamics; however, since vibrating and thermal walls
can yield different behavior for the same value of the param-
eters[6], no quantitative test will be made.

III. CONVECTION IN MONODISPERSE SYSTEMS

We begin by exploring the phase diagram sketched in Fig.
1, obtained from the theory[8,9], along a plane whereK is
constant and moving along two different paths: a line with
constantFr (path A) and a line with constantR (path B),
respectively.

Along pathA the effect of increasingR (i.e., of decreasing
coefficient of restitution) is to enhance correlations in the
system and render steeper and steeper the temperature profile

in the vertical direction[9]. This leads to the onset of con-
vection and eventually to the increase of the number of con-
vection rolls. In Fig. 2 we display three pictures correspond-
ing to three different values ofR. At R=0.64 one observes
the absence of convection, whereas a single roll appears at
R=32. Finally two rolls are observed forR=159. The low
values ofFr (low gravity) and K (low density) allow the
particles to explore the whole box, i.e., regions far from the
bottom as well as regions near the base.

Figure 3 displays the evolution of the velocity field circu-
lation during the transient and the stationary regimes in the
case ofR=159: we see that the system first evolves forming
a single convection roll before reaching the stationary state
characterized by the presence of two rolls. From Fig. 3 we
observe that the formation of a roll occurs sharply.

In Fig. 4 is shown the circulation[defined in Eq.(1)]
averaged on times between 300 and 1000 and calculated for
different restitution coefficients, between 0.80 and 0.99. This
picture illustrates the presence of two transitions, as the res-
titution coefficient is reduced: there appears to be a continu-
ous transition from absence of convection to one convection
roll and a discontinuous transition from one roll to two rolls.
This second transition shows hysteresis: the solid line is ob-
tained performing simulations with an increasing restitution
coefficient, i.e., decreasingR, and initializing each run with
the last configuration of the previous run. The dashed line is
instead obtained decreasing the restitution coefficient(in-
creasingR). The transition point changes between the two
procedures. As a matter of fact there is a window of values of
R where the system may evolve to one or two rolls, depend-
ing on initial conditions. Such a hysteretic behavior has been
pointed out in Ref.[24], by means of numerical integration
of the equations for granular hydrodynamics.

Along pathB (R fixed), instead, the system reveals a non-
monotonic behavior[8,9]. In fact, the convection stems from

FIG. 1. Phase diagram in the planesFr ,Rd, at fixedK, showing
the predictions of hydrodynamic theories[8,9]. Convection is ex-
pected increasingR, e.g., decreasing the restitution coefficientr, as
well as changingFr in an adequate interval. At too low or too high
values ofFr (e.g., very low or very high gravity) the system does
not reach convection. The two dashed lines indicate the paths fol-
lowed in the numerical simulations to verify the predictions. PathA
corresponds to Fig. 2, PathB to Fig. 5.
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the balance between the vertical negative temperature gradi-
ents and gravity. Therefore, lowering the intensity of gravity
(e.g., inclining the box) reduces such a competition and the
value of Rc at which thermal convection can be observed
increases. On the other side, whenFr (i.e., gravity) exceeds a
certain threshold, there is a crossover to a substantially dif-
ferent regime: the grains tend to remain localized near the
vibrating plate. Such a spatial arrangement determines an
increase in density in the lower part of the box and tends to
inhibit convection, because the packing reduces the mobility
of the grains. For this reason whenFr becomes larger, the

value of the threshold,Rc, increases. In Fig. 5 such a non-
monotonic behavior is shown: one can see three averaged
velocity fields obtained for three different values ofFr, while
keepingR andK fixed. To conclude, the patterns obtained by
molecular dynamics are consistent with the prediction of
Ref. [9] based on granular hydrodynamics.

Next, we have tested the prediction of Ref.[9] regarding
the convection at very large values of the Froude number,
i.e., when the particles[27] are confined in a region adjacent
to the basal plate. In such a case the typical length-scale
characterizing the onset of convection suggests the presence

FIG. 2. Pure system: velocity field averaged betweent1=250 sec andt2=300 sec, in order to show the onset of convection increasingR,
with Fr =0.36 andK=0.071, Lx=Lz=113 cm, N=1800, g=1 cm/sec2, A=0.5 cm, v=50 sec−1. From left to right, the three values of
restitution coefficient used arer =0.9992,r =0.96, andr =0.80, corresponding toR=0.64,R=32, andR=159, respectively. The length of the
arrows is normalized so that the maximum velocityvmax observed is represented by an arrow which has a length approximately equal to the
distance between two points of the lattice. This convention is used in all figures. In these plots the value ofvmax is equal to 14.3, 14.5, and
13.6 (in cm/sec) for the caseR=0.64,R=32, andR=159, respectively.

FIG. 3. Pure system: circulation of velocity fieldF (measured in
cm/sec) as defined in the text vs time(measured in seconds) for the
rightmost system of Fig. 2(i.e., Fr =0.36 andK=0.071, Lx=Lz

=113 cm, N=1800, g=1 cm/sec2, A=0.5 cm, v=50 cm−1, r
=0.80, corresponding toR=159). It can be seen that the steady state
(identified byF.0, e.g., two opposite convective rolls) is reached
after a long transient characterized by nonzero circulation(e.g., an
odd number of rolls). In particular, the regime betweent=150 and
t=250 sec corresponds to one convection roll very similar to the
one depicted in the central frame of Fig. 2, e.g., for a lower value of
R.

FIG. 4. Pure system: time averages(between time 300 and
1000 sec) of circulationF (measured in cm/sec) for different values
of restitution coefficientr, i.e. different values ofR, with N=1800,
Lx=Ly=113 cm,K=0.071,Fr =0.36 (g=1 cm/sec2, A=0.5 cm,v
=50 sec−1). The solid line is obtained decreasingR and initializing
each run with the last configuration of the previous run. The dashed
line is obtained with the same procedure but increasingR. The
continuous transition from the absence of convection to one con-
vective roll, as well as the discontinuous transition from one roll to
two rolls, can be easily recognized. The second transition shows
hysteresis.
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of a multiroll configuration. In Fig. 6 we display the velocity
field of a system with large aspect ratioLx/Lz=1.5 and a very
high Froude numberFr =22.5. In this regime, almost no col-
lisions with the upper wall occur, andLz is therefore essen-
tially irrelevant. Remarkably, five convection rolls are
present and a wavelike horizontal profile of the density is
observed, revealing a horizontal density instability(see also
Ref. [6]). Note that an odd number of rolls can only be ob-
tained with fixed walls boundary conditions, while periodic
boundary conditions lead always to an even number of rolls,
because neighboring cells must rotate in opposite directions.

In order to complete our description of the hydrodynamic
properties of the system, we have analyzed the granular tem-
perature and density fields shown in Fig. 7(in the case of
fixed lateral walls). Both fields show clearly the horizontal
inhomogeneity: the density instability and the corresponding
temperature instability can be explained in terms of the pe-
culiar clustering mechanism characterizing granular fluids.
Inelastic collisions, which occur more frequently in dense
regions, determine a reduction of the local temperature and
consequently a drop of the local pressure. The ensuing pres-
sure gradient amplifies the density fluctuation and more par-
ticles flow toward that region.

Note that the three regions, where the density is larger, are
located in correspondence of the three “valleys” at the free
surface visible in Fig. 6. The temperature field reflects the
symmetries of the density field, and one can see that density
and temperature are anticorrelated: the denser regions are
colder. For instance, the three “islands” of hot particles cor-
respond to the three lower densities(i.e., the holes left empty
by the depression of the free surface, see again Fig. 6). How-
ever, above a certain height(about 100), the horizontal insta-
bility disappears and both temperature and density decrease
together: this is a region with very low number of particles.

Direct comparison between Figs. 6 and 7 clearly shows
the strong correlation between the velocity field and the tem-

perature and density fields. In the region separating two con-
vective rolls, two opposite phenomena can be observed:(i) if
the velocity field is directed upward, i.e., toward the free
surface, the density is relatively low and one observes a
bump on the surface;(ii ) if the velocity field is directed
downward, the bottom plate confines the particles and one
observes both a depression in the surface and a high-density
region close to the bottom. Each convection roll therefore
displays an asymmetric shape with a high-density region
coupled to the downward flow and a low-density region
coupled to the upward flow. We notice that this phenomenol-
ogy is slightly different from that observed in Ref.[6], where
a convective regime and a clustering regime were studied
separately: our simulations indicate a strong interplay be-
tween density and velocity fields.

IV. BINARY MIXTURES

In the present section, we shall consider how the convec-
tive properties of a granular fluid can be modified by the
addition of a second species with different physical proper-
ties. First, we shall trigger the convection by tuning the pa-
rameters of one of the two species, in the case of equal
concentrations. We also consider the local density ratio that
accounts for segregation.

While nonequipartition can be determined by differences
of either of masses, sizes, or inelasticities, we have men-
tioned in the Introduction that the Froude number does not
depend on the masses of the particles when the energy is
injected through a vibrating wall. We shall therefore focus on
mixtures of beads with different inelasticities or sizes.

We shall begin with a mixture consisting of two kinds of
grains with different coefficients of restitution. We denote
with r11 the coefficient of restitution relative to collisions
among particles both belonging to species 1,r22 relative to
collisions between particles of species 2, andr12 relative to

FIG. 5. Pure system: onset and offset of convection(increasingFr) at R=3.5 (r =0.9955) and K=0.07 fixed, withLx=Lz=113 cm,N
=1800,s=1 cm, A=0.5 cm,v=50 sec−1. The three values of Froude number are, from left to right,Fr =1, Fr =21, andFr =106, corre-
sponding tog=3 cm/sec2, g=60 cm/sec2, and g=300 cm/sec2, respectively. In correspondence of the lowest value ofFr convection is
absent becauseR,Rc, for Fr =21 convection appears becauseR.Rc, and finally forFr =106 convection disappears again becauseR,Rc.
In these figures the value ofvmax used to normalize the arrows is 14.3, 4.5, and 2.2(in cm/sec) for the caseg=3, g=60, andg=300,
respectively.
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collisions between unlike species. For the sake of simplicity,
we shall assumer12=sr11+r22d /2. Figure 8 shows how the
variation of the inelasticity of only one of the two species
may change the convective structure: in particular, we reduce
r22 keepingr11 fixed. The species 1 has a restitution coeffi-
cient r11=0.96 equal to the case of Fig. 2, which displayed a
single convection roll. In a first simulation(left frame) the
species 2 has a restitution coefficientr22=0.90, and still a
single convection roll is observed. In a second simulation,
with r22=0.60, two convection rolls are found. In the same
figure we also display two corresponding snapshots, in order
to give a hint of the coupling between the rolls and the den-
sity: as in the preceding section, regions of high density are
coupled to the downward flow of particles. Moreover the
snapshots suggest the absence of segregation, as expected for
dilute systems. The absence of segregation and the visual
inspection of convection rolls suggest a first simple hypoth-
esis for the behavior of a binary mixture with different res-
titution coefficients: an equimolar mixture behaves similar to
a pure gas with an effective restitution coefficient that is
roughly an average between those of the two components. In
fact in the first case the “average” restitution coefficient is
still near the value where a single cell was observed in the

pure gas, while in the second case this effective coefficient
(around 0.78) is similar to the one corresponding to two rolls
in the pure gas(rightmost frame of Fig. 2).

As far as the temperature ratio fieldT1/T2 is concerned,
we cannot present a conclusive picture. In fact, the tempera-
ture ratio profiles that can be efficiently measured in situa-
tions where the systems are horizontally homogeneous(see,
for instance, Refs.[13,17,25]) become extremely noisy due
to the presence of transversal structures and convection. Our
results suggest that the temperature ratio is not appreciably
affected by convection rolls or at least the variation with
respect to the case without rolls cannot be resolved due to the
statistical uncertainty. We recall that in granular gases the
breakdown of equipartition is not necessarily related to seg-
regation and can be predicted on the basis of the homoge-
neous Boltzmann equation for dissipative hard spheres(or
disks), both in the absence and in the presence of external
driving forces.

Finally, we have studied how to enhance segregation of a
mixture, in a case where the global density was higher and
the sizes of the particles were different. In particular, we
have chosen the parameters corresponding to Fig. 6, but sub-
stituted half of the grains with grains having larger diameter

FIG. 6. Pure system: convection at highFr number(e.g., strong gravity). We usedr =0.991,Lx=375 cm(Lz is irrelevant in this case),
N=18 000,s=1 cm,A=0.5 cm,v=50 sec−1, g=28 cm/sec2, so thatK=0.023 andR=65. Top—fixed walls boundary conditions; bottom—
periodic boundary conditions.
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FIG. 7. Pure system: convection at highFr number(strong gravity), with the same parameters of Fig. 6(with fixed wall boundary
conditions): the density(left) and temperature(right) fields are in arbitrary units.

FIG. 8. (Color online) Binary mixture: two different choices ofr22 determine one or two convective cells;(above) the velocity field,
(bottom) a snapshot of particles positions(red crosses and black circles are species 1 and 2, respectively). The parameters used are the
following: s=1 cm,Lx=Lz=113 cm,N1=N2=550,g=1 cm/sec2, A=0.5 cm,v=50 cm−1, r11=0.96, so thatK=0.12 andFr =0.36. The two
values used forr22 are 0.90(left) and 0.60(right). In the two upper plots the valuevmax used to normalize the arrows is 9.5 and 7.2(in
cm/sec) for the left and the right case, respectively.
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ss2/s1=0.8d. The velocity field is shown in Fig. 9. The field
is averaged over very long times, i.e., few hundreds of oscil-
lations of the plate, and the horizontal asymmetry observed
appears to be stationary, although, in principle, this pattern is
expected to be metastable, in the sense that an infinitely long
average should produce a horizontally periodic field. There-
fore, a slight change in the size of half of the particles affects
the convective field leaving unaltered the number of rolls,
but changing their relative size and shape. We have analyzed
the density fields of the single speciesn1 and n2 and the
density ratiog=n2/n1, obtaining the results in Fig. 10. Seg-
regation is now evident, appearing as deviations ofg from 1.
In particular, it can be noted that at the bottom there are more
particles of species 1(the larger particles). These results call
for new experiments in this dilute “granular gas” regime: in
fact it is opposite to well known experimental findings in the

densely packed regime[3]. Moreover, it appears that stron-
ger segregation is localized in regions of high density.

V. NONEQUIMOLAR MIXTURE

Even in a granular mixture the relative concentration,x
=N2/ sN1+N2d, is expected to play an important role. Not
only it affects the ratio of the partial granular temperatures,
but also can induce a transition from a homogeneous to a
convective velocity regime. This has particular relevance, for
instance, in industrial processes that require the absence or
the presence of convection: in the simulations of this section
we show how a small percentage of “doping” quasielastic
particles added to an assembly of more inelastic particles can
totally suppress convection. By employing as an order pa-
rameter to detect the transition the circulationF, of the ve-
locity field, already defined in Eq.(1) and varyingx we
obtained the curve depicted in Fig. 11. In these simulations,
we assumedr11=0.96, r22=0.9992, N=N1+N2=2200, K

FIG. 9. Binary mixture: a mixture of two different sizes
(s2/s1=0.8 not far from 1) shows differences in the convective
pattern, with respect to Fig. 6. The parameters are the same used for
that figure. In this plot the valuevmax used to normalize the arrows
is 7.3 cm/sec.

FIG. 10. Binary mixture: Density fields(in arbitrary units); left n1 field and right ratiog=n2/n1, with the parameters of Fig. 9.

FIG. 11. Averaged circulationf (measured in cm/sec) in a mix-
ture with Lx=Ly=113 cm, g=1 cm/sec2, r11=0.96, r22=0.9992,
N1+N2=2200, corresponding toK=0.06,Fr =0.36. Doping is mea-
sured as percentage of quasielastic particles, i.e.,N2/ sN1+N2d.
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=0.06, Fr =0.36. While the pure system is in a convective
regime, a small doping(the critical value is estimated to be
xcr<0.12) suppresses convection. This critical value
changes if the relevant parameters of the system(e.g.,K or
Fr) are changed. For example, we have verified that increas-
ing Fr the valuexcr increases.

In Fig. 12 we show two different velocity fields observed
below and above the critical value of the doping. It is quite
striking to observe how the system behavior changes quali-
tatively in correspondence of a tiny variation of the doping
parameter. The simple picture of an effective restitution co-
efficient (which in this case should be a weighted average
between the two coefficients, using the relative compositions
as weights) could be an interpretation of the results, as in the
preceding section. The transition observed in Fig. 11 could
be explained as a transition driven by the effective restitution
coefficient when the weights are changed. However the vali-
dation of such a hypothesis would require systematic mea-
surements, beyond the aim of the present investigation.

To conclude, we have explored the possibility of a hyster-
etic behavior: the system has been prepared with a doping
value x slightly higher thanxcr, but with an initial velocity
field corresponding to the convective cell atx,xcr. We have
studied the temporal evolution of the circulationFstd: the
circulation has initially a finite value, but quickly decays to
zero, indicating that the convection is rapidly washed out.
This behavior excludes therefore the possibility of hysteresis
or long transients.

VI. CONCLUSIONS

In this paper, we have studied a two-dimensional granular
gas by means of event-driven numerical simulation. We em-

ployed a realistic model regarding both the description of the
grains as inelastic hard disks and their interactions with the
lateral walls and the horizontally oscillating base. The
present results are in good qualitative agreement with those
predicted by the hydrodynamic theory[8,9]. In particular, we
observe the same predicted dynamical regimes and confirm
the nontrivial shape of the phase diagram of Ref.[9], where
the effects of inelasticity, number of monolayers, and gravity
together influence the appearance or disappearance of con-
vection rolls. Within the convective regime, the coupling be-
tween the various fields(velocity field, density, and granular
temperature) have been characterized. Besides, we have con-
sidered the influence of the bidispersity in composition by
studying mixtures with different types of grains. This is im-
portant in industrial applications, where monodispersity is
always difficult to be obtained. We found that the addition of
a small fraction of quasielastic component is able to deter-
mine the disappearance of the convective rolls. Our results
suggest that a granular binary mixture of grains with differ-
ent inelasticities behaves, from the point of view of convec-
tion, as a monodisperse system with an effective restitution
coefficient which is roughly the average(weighted with the
composition fractions of the two species) of the coefficients
of the components. Further investigations are necessary to
make this statement more precise.
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FIG. 12. Averaged velocity field(betweent1=250 andt2=300 sec) in a mixture with Lx=Ly=113 cm,g=1 cm/sec2, r11=0.96, r22

=0.9992,N=2200, corresponding toK=0.06,Fr =0.36. Left frame corresponds to the pointA in Fig. 11(a doping valuex=0.11), while right
frame refers to pointB sx=0.12d.
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