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We use a variational method to study the phase structure of  the three-dimensional Z ( 3 ) spin model with nearest neighbour and 
next nearest couplings. The system shows a rich phase diagram. The order and location of the corresponding phase transitions in 
the ferromagnetic region is compared with a Monte Carlo analysis and found in good agreement with the analytical prediction. 
We have also found that a region where the phase transition is second order does exist. 

In this letter we present a comparison between a 
variational and a Monte Carlo study of the Z( 3 ) spin 
model [ 1,2 ] in three dimensions. This system has in- 
teresting applications in condensed matter physics, 
and recently its properties have been the subject of 
renewed interest [3]. It is conjecured, in fact, that 
this model belongs to the same universality class as 
the SU (3) lattice gauge theory (LGT) at finite tem- 
perature [4,5]. One argues that the order-disorder 
transition in the Z (3) model is of the same type as 
the deconfining transition in the SU (3) LGT and thus 
the approach to the respective transition points should 
be characterized by the same critical indices [ 6 ]. 

In spite of the apparent simplicity of the model, the 
study of its phase diagram is a very complex problem 
and the order of the transition has not yet been firmly 
established in three dimensions. 

When to the standard nearest neighbour coupling 
a next nearest neighbour coupling is added [ 7-9 ], the 
phase diagram of the system becomes more complex. 
In the present paper we use both analytical and nu- 
merical approaches in order to investigate the phase 
diagram of the Z(3)  Ports model. The interest in 
studying the whole space defined by the two coupling 
constants is twofold. First, we are interested in the 

t Permanent address: Universidad Complutense de Madrid, E- 
28040 Madrid 3, Spain. 

2 Partially supported by CAICYT, Spain (AE86-0029). 
3 On leave form Universidad de Zaragoza, E-50009 Zaragoza, 

Spain. 
4 MEC fellow. 
5 Partially supported by CAICYT, E50009, Spain. 

existence of antiferromagnetic phases. Second, we 
want to see the possible changes of the order of  the 
transition as the couplings are changed. This possi- 
bility is especially important, since it has been con- 
jectured that the correspondence between the decon- 
fining transition in SU (3) and the Z(3)  order-  
disorder transition can require a coupling in the lat- 
ter of the next nearest neighbour type [ 10 ]. 

We define our model in a three-dimensional cubic 
lattice. In every site, i, we considered a Z (3) variable 
si, that we write as a two-dimensional vector, which 
can take up three equivalent orientations in a plane: 

s - ( i ,  0), ( _ l ,  ½x/~), (_½, _ ½x/~). ( I )  

The partition function can be written as 

~ =  ~ e - n  (2) 
{st 

with 

H= ~ J, sisj + ~ J2sisj. (3) 
Ii-j l  = l I i -Jl  =~/2- 

i<j i<j 

In order to describe the phase behaviour of the sys- 
tem, an appropriate order parameter is the magneti- 
zation s =  (sx) ,  i.e. the projection of the spin along a 
fixed direction in the plane, say the x direction. Since 
the exact calculation of the free energy is an ex- 
tremely difficult task, we have applied to the Potts 
model a classical method of statistical mechanics, 
originally devised to deal with the study of the Ising 
model [ 11,12 ]. This method, due to Kirkwood, pro- 
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r ides  a systematic  way to go beyond the so-called 
mean field approx ima t ion  ( M F A ) .  We shall not  re- 
por t  the details  of  the general izat ion of  Ki rkwood ' s  
me thod  to the present  case, which will be given in a 
for thcoming paper  and l imit  ourselves to write down 
the final expression of  the free energy as a function of  
the order  pa ramete r  s: 

F /V=Fo(s, m=O)/V-s2Xl 

_]_ ( - -  1 ..1_ I S 2 _ t _ $ 3 _ _ $ 4 ) X 2  

..}_(__g1_}_1S2 5 S 3 . . ~ 4 S 5  8 6 
"~S  ) X  3 " [ - . . .  (4)  

where 

Fo =~(l+2s) log[l(l+2s)] 

+-~ ( l - s ) l o g [ ~ ( 1 - s ) ]  (5)  

and 

X,, = ( I  J, )nz+ (1J2)nz A . (6)  

Expression (4)  has been ob ta ined  by considering the 
cumulant  expansion of  the free energy up to the th i rd  
order  in the coupling constants.  Note that  the first 
line of  (4)  const i tutes  the result corresponding to the 
MFA, whereas the following terms represent  higher 
order  corrections.  In the case of  the Ising model  with 
a single ferromagnet ic  coupling the expression for the 
free energy up to the second order  in J is identical  to 
the expression one obtains  by means  of  the Onsager  
cavi ty field method.  

The magnet iza t ion  of  the system is the s value 
which minimizes  F. For  any value o f  the parameters  
we compute  numerical ly  the s-value where F has the 
absolute min imum,  which we call Smm- We have found 
three different  regions as shown in fig. 1. With in  the 
M F A  there are only two regions: broken (ferromag- 
net ic)  phase, which corresponds to the upper  region 
in fig. 1 (large J2) and  unbroken phase in the lower 
region. I f  only the first correct ion is considered,  then 
a new broken in te rmedia te  phase appears,  where the 
magnet iza t ion  ( that  is to say, the value of  Smm) is 
negative. When  the second correct ion is also in- 
cluded, then the final d iagram consists of  three re- 
gions: upper  region, corresponding to a large posi t ive 
J2, with a ferromagnet ic  behaviour;  in te rmedia te  re- 
gion or unbroken phase, and lower region with large 
negative J2 or ant i ferromagnet ic  region. Let us now 
clarify these names.  

J 2  

- !  

- 2  

. . . .  I . . . .  I . . . .  I . . . .  
A 

C 
i I I I I J ~ ~ L l J J J , J i 

0 0 . 5  1 1 . 5  2 

Jt 

Fig. 1. Phase diagram obtained using eq. (4) in the Jr-J2 plane. 
The region A is ferromagnetic, B the unbroken phase and C the 
antiferromagnetic one. The lines represent the transition points 
within the MFA (dotted). The results obtained by including the 
first and second order corrections are represented by dashed and 
solid lines, respectively. The crosses indicate the Monte Carlo 
results. 

In the unbroken phase smm is zero everywhere. In 
the upper  "ferromagnetic"  region, Smm is positive and 
goes asymptot ica l ly  to 1, as the couplings increase. 
This s i tuat ion corresponds to a phase where all spins 
are in the same state, and the order  paramete r  is sat- 
urated. In the lower region stain is negative and its 
value goes asymptot ica l ly  to - ½. This solution cor- 
responds to the presence of  a min imum,  where all the 
spins are or iented in the negative hor izonta l  direc- 
tion. This s i tuat ion is only possible if  one half  of  the 
total  number  of  spins are in the state with ( - ½ ,  
+ ½~3) ,  and the remaining one half  in the state ( - I,  
- ~,,f3) [see ( 1 ) ]. Our  solution in this case is merely 
indicat ive,  because in construct ing the expression for 
F we specialized to the case of  spatial ly uniform or- 
der. In order  to assess the existence of  the region 
character ized by a negative s we per formed a Monte  
Carlo s imulat ion (see below).  We found that an or- 
dered region is present  and in the stable phase, the 
spins are a l ternated in the vert ical  direction.  A more  
deta i led analysis of  this region is beyond the scope o f  
this letter, and will be the object  o f  a future study. 

A t ransi t ion line separates different  phases, and we 
focus our  interest on the study of  the order  of  the 
t ransi t ion along this line. In the unbroken phase the 
min imum of  F i s  at s = 0 ,  whereas in the ordered phase 
Sm~n has a non-zero value. If  Smm j u m p s  discontin-  
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uously from the d isordered  phase to the ordered  
phase, then the t ransi t ion is first order  (note  that  Smi n 
in the magnet iza t ion  of  the system, which can be ob- 
ta ined as a first der ivat ive  of  Z with respect to a mag- 
netic field coupled to the spins) .  Instead,  if  Smi, 
evolves cont inuously (but  not  its der iva t ive)  we are 
in the presence of  a second order  phase t ransi t ion.  By 
expanding the free energy in powers of  the order  pa- 

rameter  s, 

F B,,s n, (7)  
N ,,=0 

one obtains  

N i~z F/Os el,=o=2B2 + 6 B 3 s +  .... (8)  

A second order  t ransi t ion is present  only when both  
Bz and B3 vanish simultaneously.  Wi th in  the M F A  
the above condi t ion  can never be fulfilled. Thus the 
t ransi t ion is always first order  along the t rans i t ion  
line. I f  the first correct ion is included,  a point  ap- 
pears where the transit ion is second order  (at  Jl = 0.7, 

J2= -0.058). 
We remark  that  within this approach  only a finite 

number  of  points  where this phenomenon  can occur 
is possible. To obta in  a whole region where the tran- 
sit ion is second order  an infini te number  of  correc- 
t ions would be needed. However,  even within this 
approach in the vicini ty  of  the poin t  where the tran- 
sit ion is second order, a region is present  where the 
behav iour  is very s imilar  to a crit ical one. We shall 
make this point  clearer by considering the behav iour  
of  the correlat ion length, ~, close to the t ransi t ion 
point.  The correlat ion length is a measure  of  the am- 
pl i tude of  the quadra t ic  f luctuat ions of  the system 
around  Smm and is divergent  at a true cri t ical  point ,  
as the one we found. 

Close to this poin t  ~ is finite, and  strictly speaking 
the t ransi t ion is first order. However,  the evolut ion 
of  ~ when higher order  correct ions are considered is 
a hint  for a divergence in the l imit  of  the exact solu- 
t ion of  the model.  We have plot ted this behav iour  in 
fig. 2. 

The val idi ty of  the previous approximat ion  scheme 
was tested against the Monte  Carlo method.  We em- 
ployed a heath bath algori thm to update  8 paralle-  
l ized lattices storing the set of  8 spins (one on each 
lat t ice)  in a single 32 bi t  word. We use the r andom 
number  generator  of  ref. [ 13 ]. The study of  the da ta  
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Fig. 2. Correlation length according to the MFA (dotted line), 
and variational method with first order correction (dashed line) 
and second order corrections (solid line), as a function of Jr, and 
J2 = -0 .  I Jr. The numbers on the plot indicate the maximum val- 
ues of ~ respectively for the MFA (~MFh), the first (~) and the 
second (~l) correction. 

from the 8 independent  lattices allows us to obta in  a 
good control  of  statistical errors and thermal iza t ion  

t ime. 
We performed s imulat ions  with lattices of  size 

8 × 8 × 8 and 16 × 16 × 16 and the analysis of  the data  
showed that  the results relat ive to the quanti t ies  un- 
der  invest igat ion were rather insensit ive to the above 
change. This fact is indicat ive that  finite size effects 
are not very relevant.  

For  every value of  the parameters  (and for every 
of  the 8 paral lel ized lat t ices)  we have run up to 2500 
Monte  Carlo i terat ions in the 163 latt ice and 5000 in 
the 83 one, after discarding 1000 for thermal izat ion,  
with a more dense dis t r ibut ion of  the points  close to 
the phase t ransi t ion.  

We focused our a t tent ion on the expectat ion value 
of  the magnet iza t ion and the energy. We explored the 
(Jl,  J2) plane along lines with J2=yJl, keeping ~ con- 
stant. We selected three different values of  ~ (~=  1, 
- 0 . 1 ,  - 0 . 2 ) ,  because these correspond to three 
qual i ta t ively different  behaviours  in the analytical  
approach.  For  every value of  the parameters ,  we 
computed  the t ransi t ion point,  ( E )  and ( [ M I ) ,  

where 

1 

M -  ~ l=~l,rSi • 

Because of  the tunnell ing effect, ( M )  turns out to be 
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zero. This p roblem can be avoided  by comput ing  the 
mean value of  the norm of  M. This quant i ty  is no 
longer zero in the unbroken phase, but  scales as 1 / V. 
In the broken phase this quant i ty  is (with correct ions 
of  order  1 / V) the true value of  I ( M )  I in the ab- 
sence of  the tunnell ing effect. We de te rmine  the po- 
sit ion of  the t rans i t ion  point  as the locus where the 
specific heat shows a max imum.  

In the 7= 1 region where the M F A  result is very 
close to the results ob ta ined  by including the correc- 
tions, the agreement  is impressive.  The first correc- 
t ion improves  the zero order  result, and the succes- 
sive correct ion is hardly noticeable.  This gives us 
confidence of  being close to the exact solution and we 
feel that in this region the transit ion is truly first order. 

In the 7 = - 0 . 1  case the s i tuat ion is quite different  
(see fig. 3). The MFA result improves  upon adding 
the first correction.  In fact, the Monte  Carlo results 
are very well reproduced by applying the first correc- 
t ion beyond the MFA. The second correction does not 
improve  the analyt ical  result for the energy and the 
locat ion of  the crit ical point,  but  the discrepancy is 
small. On the other  hand,  it slightly improves  the val- 
ues of  the magnet izat ion.  Thus, we conclude that  the 
analytical  me thod  converges pret ty  well, since the 
predict ions are not very sensitive to the order  at which 
the cumulant  expansion is t runcated.  We argue that  
the exact result (the infini te  order  cumulant  expan- 
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Fig. 3. Monte Carlo and analytical results for the magnetization, 
( ]M[ ), as a function of J,, and J2= -0.1J~. The circles repre- 
sent the MC results relative to the 8 3 lattice whereas the crosses 
those relative to the 16 3 lattice. The thin line stands for the MFA 
solution, the dashed line for the first correction and the dots for 
the second correction. 

s ion)  should not be very different from our result for 
this value of  7. Notice that 7= - 0.1 is above the point 
where the first correct ion predicts  a second order  
t ransi t ion.  

The si tuat ion for 7= - 0 . 2  is different. Evaluat ing 
the free energy with the first correct ion beyond MFA 
the t ransi t ion point  is predic ted  with a very high pre- 
cision (see fig. 1 ), but  this agreement  d isappears  if  
the next order  in the expansion is considered.  This 
phenomenon  is unders tood by recalling that the trun- 
cated expansion in the coupling parameter  is no longer 
convergent.  This fact is unfor tunate  since this region 
is very interest ing in view of  the correspondence with 
QCD. It has been conjectured that  such a corre- 
spondence is obta ined  by in t roducing a large antifer-  
romagnet ic  next nearest  neighbour  coupling [ 10 ]. 

In conclusion, we have in t roduced an analytical  
approach to investigate the order  o f  the t ransi t ion in 
the Z ( 3 )  spin model  in three dimensions.  We have 
found that  when the next nearest neighbour  coupling 
J2 is posi t ive the t ransi t ion is first order. On the other  
hand, for small negative J2 the analyt ical  method  is 
accurate,  and a point  is found where the t ransi t ion 
turns out to be second order. For  larger negative val- 
ues of  2"2 the analytical  t rea tment  no longer works, 
due to the slow convergence of  the cumulant  expan- 
sion. In order  to assess this s i tuat ion we per formed a 
Monte  Carlo s imulat ion in these three different re- 
gions. In the large posi t ive J2 the agreement  is im- 
pressive even at the lowest order. In the in termedia te  
region, we found that  by including all the corrections, 
up to the third order, we obta in  the best predict ions.  
In contrast,  in the region with large negative J2 we 
found the Monte  Carlo results show a discrepancy 
with those obta ined  by means of  the var ia t ional  ap- 
proach, and even the higher order  correct ions proved 
to be insufficient to remedy this state of  affairs. Fi- 
nally, Monte  Carlo results seem to indicate that  for 
modera te ly  large negative values of  7 the system 
undergoes a second order  phase transi t ion.  
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