PHYSICAL REVIEW E, VOLUME 65, 051301
Cooling of a lattice granular fluid as an ordering process
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We present a microscopic model of granular medium to study the role of dynamical correlations and the
onset of spatial order induced by the inelasticity of the interactions on the velocity field. In spite of its
simplicity and intrinsic limitations, it features several aspects of the rich phenomenology observed in granular
materials and allows to make contact with other topics of statistical mechanics such as diffusion processes,
domain growth, aging phenomena. Interestingly, while local observables, being controlled by the largest
wavelength fluctuations, seem to suggest a purely diffusive behavior, the formation of spatially extended
structures and topological defects, such as vortices and shocks, reveals a more complex scenario. Finally, only
for quasielastic systems, we observe a neat scale separation, which represents a fundamental hypothesis to
develop a granular hydrodynamics.
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The effort devoted during the last decades to investigaterdering kinetic§9]. They predict that the shear instability
off equilibrium systems has achieved a series of successes lyways precedes the cluster instability, as indicated by MD
virtue of a combination of experiments, numerical simula-simulations. Unfortunately, such simulations are quite de-
tions, exact theoretical results and clever phenomenologicananding, preventing a definitive check of the results and the
arguments, but our comprehension of the area is far fronfimits of their hydrodynamic theory, which still lacks of a
complete. Among these systems granular mateii@sl),  full microscopic justification.

i.e., assemblies of macroscopic particles that dissipate their In the present work we shall introduce and study a micro-
energy through inelastic collisions and frictional forces, haveScopic model that preserves the simplicity of Ulam's ap-
acquired a special rank due to their complex phenomenologproach, and displays a complexity similar to that observed in
often intriguing and only partly understodti]. For instance, ~granular systems. The focus of our study will be on the sta-
granular gasel2] may behave very differently from ordinary tistics of the velocity field and on its spatial and temporal
fluids constituted by elastic particles. correlations, stressing the analogies and the differences with

Years ago, Ulam showed that an ensemble of elastic pafelated models aimed to describe off equilibrium systems.
ticles, starting from an arbitrary configuration, converged to¥Ve shall also consider the issue of a hydrodynamic descrip-
a Maxwell equilibrium distribution, postulating a simple re- tion of granular flows, exploring the existence of a well sepa-
distribution law of the kinetic energies of randomly selectedrated mesoscopic scale.
pairs to simulate the effect of binary collisions in an elastic Our model, which reduces to an inelastic Maxwell model
gas[3]. Ben-Naim and Kaprivski{BK), recently, introduced in a mean field treatment of correlations, is suited to study
a variation over this theme, by letting the particles endowedh€ density-homogeneous cooling regime. This may be a
with a scalar velocity to dissipate inelastically a fraction of limitation, with respect to existing models of inelastic gases
the relative kinetic energy at each collisip#]. The master [10], but allows a direct comparison with MD simulations,
equations associated to these models correspond to a class¥tere the density cluster instability can be avoided by an
solvable Boltzmann equations, known as Maxwell models@Ppropriate choice of external fields or boundary conditions
[5], which recently have attracted a vivid interest in the casé9)- On the other hand, our model represents, perhaps, the
of inelastic interactiong6], due to the discovery of an Minimal correction to the molecular chaos assumption that
asymptotic exact scaling solutiof7]. Nevertheless, since can lead to progress in the theory of simple kinetic models.

Maxwell models fulfill the molecular chaos hypothesis, rule  We introduce our dynamical model by associating a
out the formation of dynamical correlations. d-dimensional velocity fieldv; with each node of a

In fact, during the cooling of a granular g§g&], such d-dimensional lattice; at each time step a nearest neighbor

correlations are negligible in a first well studied dynamicalPair (i,j) is randomly selected and the two velocities are
regime, called “homogeneous cooling.” On the other handupdated according to the rule,

molecular dynamic¢§MD) simulations have shown the ap-

pearance of a shear instabilifiye., vortices in the velocity ~lta n o~

field), which breaks the homogeneous cooling process. The Vi =Vt O (= (vi—Vv)o)——[(vi—v)ala,

later appearance of density clusters increases the complexity

of the dynamicd8]. In an interesting series of papers, van 14

Noije and collaborators have put forward a mesoscopic N N 7V

theory of these phenomena, making a connection with phase vi=vim O (vimv)a)——lvimv)ole @
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FIG. 2. Data collapse of the transvers®)(and longitudinal
(S) structure functions fow=0 and «=0.9 (system size 104
sites, times ranging fromi=500 to t=10%. For comparison we
have drawn the laws~* and exptx?).

FIG. 1. Energy decay fon=0.9 anda=0.2 (1024 site3. In
the insets we reported the scale dependent temperd@turas a
function of the coarse graining sizefor t=47 andt=1720.

wherec represents the unit vector pointing from site j, ©
is the Heaviside function that enforces the kinematic COh_spheres[lS]. As shown below, the crossover from one re-

straint ande the normal restitution parameter. We shall mea-9'¢ to the other is due to the formation of a macroscopic

sure time in the nondimensional number of collisions pervelocity field. This is analogous to the formation of magnetic

particle. In each elementary collisijsee Eq.(1)] the total domains in standard quench processes. After the formation

linear and angular momentum are conserved, whereas a fragiege these regions start to compete to homogenize, causing

fon (1Y of he reatve kinetc enrgy s dispated % TVeTSen of el snery i beat by vecus neang
The inelasticity of the collisions has the effect of reducing =" 9 9

. N ) i ) decay[9].
the quantity|(vi —vj)|, i.e., induce a partial alignment of " \yithin the early regime the velocity distribution deviates

the velocities. Hereafter we report the study performed ingensiply from a Maxwell distributioricorresponding to the

two dimensions on a triangular lattice. ~ game average kinetic enelgybut displays fatter tails.
_The freely cooling process exhibits striking similarities \yhereas large tails are reproduced by several theoretical ap-

with the quench from an _|n|t|ally stabl_e disordered phase to %roaches that neglect spatial correlatiéasin the BK model

low temperature phase in a magnetic system: whereas in & gojtzmann equation the behavior of the velocity distri-

standard quench procefkl] one considers the process by ption when correlations emerge is unknown. In our model,

which a system, brought out of equilibrium by a sudden, nen the energy begins to decaytad, the velocity distri-
change of an external constraint, such as temperature or preSition turns Gaussiaf4].

sure, finds its new equilibrium state, in a GM one wants 0 g st relevant information about the spatial ordering
study the relaxation of a fluidized state, after the eXtemabrocess is contained in the equal-time structure functions,

driving forgg(whpse r?'e Is to reinjfect the energy di;sipatedi_e_' the Fourier transforms of the velocity correlation func-
by the collision$ is switched off at timé=0. The rotational tion

symmetry of the order parameterand the momentum con-
serving interaction determine the presence of many configu-
rations having comparable dissipation rates. Due to their
competition the system does not relax immediately towards a
motionless state, but displays a phenomenology similar to
that observed in a coarsening process.

One sees from Fig. 1 that during the initial stage, thewhere v' andv' indicate, respectively, the transverse and
average energy per partickt) =Sv,(t)%/N is dissipated at longitudinal components of the field with respect to the wave
an exponential rate'=(1— «?)/4. This can be deduced vectork and the sunXj is over a circular shell of radius
from Eq. (1) imposing that each “spin” fluctuates indepen- Using our model, we can compute such structure factors with
dently of the others. For times larger than- 7, the dynam-  a high precision. A fairly good data collapse is observed in
ics enters a different regime, where the cooperative effectterms of the variablekt?), apart from the largé region,
become dominant and the average energy per particle decawdich identifies two growing lengths"'(t) (see Fig. 2
ase(t)~t~1[12]. Considering the sum rule(t) =3,[ S'(k,t) + S'(k,t) ] we ob-

The first exponential decay is well known and corre-served that in the early “exponential” regime the contribu-
sponds to Haff's homogeneous cooling law, while the secondion from the two terms is approximately equal, whereas for
regime agrees with recent simulations of inelastic hardimes larger thari. and « not too small most of the kinetic

Stk =2 vt(k,Hut (—k,b)
k
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energy remains stored in the transverse field, while the lon-  1¢°

N T o A ey,
gitudinal component decays faster, with an apparent expo- — Diffusion) ¢ T %&
nentt 2. : [° ]

The findings concerning the energy decay, the distribution
of the velocity field, and the growth df''(t), lead to the

conclusion, that, if the observation time is longer than the
time between two collisions and if the spatial scale is larger=
than the lattice spacing, the system behaves as if its evolutiol=* 10'1:
were governed by a diffusive dynamif®]. To be more pre- <
cise, let us consider a vector fielfi(x,t) that evolves ac-
cording to the lawd, = rV2¢ starting from a random un-
correlated initial condition. The explicit solution shows that

&(x,t) is asymptotically Gaussian distributed, with a vari-

o 1,=4046
x 1,=1719

ance ((x,t) d(x,t))oct =92 The structure factors"'(k,t) 10°E .
assume a scaling fori®"'(k,t) =s(kL(t)) whereL(t)= . 10010
Furthermore, we compared the two-time autocorrelation w
C(t1,t2) =Zivi(t)vi(tx)/N  with C¢(t1,t2)=<¢(x,t1) FIG. 3. Angular autocorrelation functioA(t,t,,) for different

#(X,t2)), whose expression read€(ty,t2) =2Cy(t1,t1)  values of the waiting time,, and «=0.9 (1024 sites. The graph
X(1+ty/t,) 1. During a short time transient, the autocorre- on the left shows the convergence to titg, diffusive scaling re-
lation function of our model differs fronC,, since it de-  gime, for larget,,. For smallt,,, a local minimum is visible(for
pends ornt;—t,, i.e., it is time translational invariarf@TI).  such a quasielastic dynamjcsn the graph on the right the same
Later, C(t,t,) reaches the “aging” regime and depends data are plotteld Vé—ty,: not.e. that the smalt,, curves tend to
only on the ratiox=t, /t,. Something similar occurs in a collapse. Fpr hlghelfw the position of the local minimum does not
coarsening process, where the autocorrelation of the loc&M°ve sensibly, butits value grows and goes to 1 for lajge
magnetizatiora(t,, ,t,,+ 7) reaches, for large (but 7<t,),
a constant valumgq(T), that is the square of the equilibrium mechanism of period doubling; that is to say, contrary to the
magnetization. Obviously, fof —0, mgqﬂl and the TTI diffusion, plane waves are not eigenmodes.
transient regime disappears. The short time transient in our The existence of the quasielastic plateaux is the finger-
model is analogous to such a TTI regime, with the peculiaprint of localized fluctuations which, for small inelasticity,
difference that the cooling process imposes a decreasing termpropagate and are damped less than exponentially. A small
peratureT (t,,) — 0, that progressively erodes the TTI regime. determines a rapid locking of the velocities of neighboring
The same dependence on the TTI manifests itself in the arelements to a common value, while in the caseast 1,
gular autocorrelation: A(t,t,,) = >;cog 6,(t+t,)— 6(t,)J/N. short range small amplitude disorder persists within the do-
Again, for large waiting times,, this function assumes the mains, breaking simple scaling 8! for largek and having
diffusive t/t,, scaling form, but for a small fixet],, displays the effect of a self-induced noise. The presence of an internal
a minimum and a small peak before decreasing at larger noise, never directly measured in MD IHS simulations, is
(see Fig. 3 The interesting nonmonotonic behavior of invoked in fluctuating hydrodynamic theori€g]. It would
A(t,t,) suggests that the initial direction of the velocity in- be interesting to characterize such internal noise by means of
duces a change in the velocities of the surrounding particlesin average local granular temperatiirg, i.e., a measure of
which in turn generates, through a sequence of correlatethe variance ofv; with respect to the local average of
collisions, a kind of retarded field oriented as the initial ve-within a region of linear sizer. Obviously, since wherr
locity. As t,, increases the maximum is less and less pro-—o the local average tends to the glolyaéro momentum,
nounced. thenT,— €, as shown in the insets of Fig. 1. For<L(t),

In spite of these first results, that seem to give support tinstead,T,<e. For quasielastic systemg, exhibits a pla-
the idea that the model dynamics is purely diffusive theteau for I<o<L(t) that identify the strength of the internal
model is more complex. The main evidence stems from theemperature. Such a local temperature ceases to be well de-
following facts: (i) the structure functions do not have the fined for smallera due to the absence of scale separation
typical Gaussian tails of a diffusive system, due to the nonbetween microscopic and macroscopic fluctuations in the
linearity represented by the kinematic factor in Ef). and  strongly inelastic regim@15].
the shapes o8"'(k,t) display three different regions: along-  The existence of & 2(t)k~*region in the structure func-
wavelength region that is diffusive in character; an interme+ions is consistent with Porod’s lajt1] and is the signature
diate region where the structure functions decajt@with  of the presence of vortices, a salient feature of the cooling
B~4; a plateau region whe®' decay in time with a power process. Vortices form spontaneously and represent the
law t~2 but remains nearly constant with respectktdfor boundaries between regions that selected different orienta-
a>0); (ii) the Fourier modes interact and an initial sheartions of the velocities during the quench and are an unavoid-
state, obtained assuming the initial configuration to be able consequence of the conservation laws that forbid the
plane wave, decays into shorter wavelength modes by #ormation of a single domain. With the random initial condi-
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1
A(R) = ZilVier—Vi)-RIR.

The pair distribution function$PDF’s) are shown in Fig. 4
for R=1 (longitudinal velocity gradientin the main frame,
and for R=40>L(t) in the inset. For smalR<L(t) the
longitudinal increment PDF is skewed with an important
positive tail, whereas foR>L (t) it turns Gaussian. The dis-

tribution of transverse increments; ( g—V;) X R, instead, is
e 2 always symmetric, but non-Gaussian distributed for siRall
Velocity gradient A similar situation exists in fully developed turbulenic].
- N o To conclude, our model provides a link between the mi-
FIG. 4. Probability densities of the longitudinal and transversecroscopiC rules of granular dynamics and its hydrodynamical
velocity increments. The main figure shows the PDF of the VeIOCitydescription It allows to follow the cooling of a granular
gradients R=1). The inset shows the Gaussian shape measured fqf, 540 ja| and the buildup of velocity correlations, by means
z::%ljg?er tharL (t) for this simulation:a=0.2, =620, system ¢ oficient numerical measures of structure factors, two-time
' correlations and topological defects. The data analysis re-
tions adopted, vortices are born at the smallest scales aﬁsﬁ alsetsk]; ﬂ:gss)zgfeﬁi\elo(;';ezt’:;goge(s’ antc_J |nterr|1al_ n?;]se and
gg paration only in the case

subsequently grow in size by pair anniilation, CONSENVING ¢ quasielastic systems, which is instead suppressed for large
the total charge.

\ortices are not the only topological defects of the veloc-mellzavséflit:%‘c‘e' endently of the problem of aranular flows. the
ity field. In fact, shock fronts in the velocity field of driven P y b 9 ’

rapid granular flows have been recently observed in experir—nOOIeI represents a simple but unusual phase ordering sys-

ments [16]. For the cooling case, evidence in one- tem. In fact, despite the apparently purely diffusive aspects

dimensional simulation§17] has raised several interesting ;hown by one-point quantities, it displays anomajous statis-

guestions with respect to the connection with Burgers equat-ICS of spatial properties for the order parameter field as wit-

tion in higher dimension§13,18 hessed by the velocity gradient PDF and by the structure
In our two-dimensional simulations, we observe shocksfuncnons'

as shown by the distributions of the velocity longitudinal We thank E. Caglioti, M. Cencini, L. F. Rull, A. Vulpiani,

increments: and S. Zapperi for several useful discussions.
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