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nature of adsorption of simple fluids confined in model pores is 
investigated by means of a density functional approach. For temperatures 
T corresponding to a partial wetting situation a first-order phase transition 
(capillary condensation) from dilute ‘ gas’ to dense ‘ liquid’ occurs at relative 
pressures p/psrtt  close to those predicted by the macroscopic Kelvin equation, 
even for radii R, or wall separations H as small as 10 molecular diameters. 
In a complete wetting situation, where thick films develop, the Kelvin 
equation is, in general, not accurate. At fixed T the adsorption T,(p) exhibits 
a loop; Tm jumps discontinuously at the first-order transition, but the 
accompanying metastable portions of the loop could produce hysteresis 
similar to that observed in adsorption measurements on mesoporous solids. 
Metastable thick films persist to larger p/psat  in slits than in cylinders and 
this has repercussions for the shape of hysteresis loops. For a given pore 
size the loop in Tm shrinks with increasing T and disappears at a capillary 
critical temperature T r p  (< T,) .  If T > TEaP condensation no longer occurs 
and hysteresis of Tm will not be observed. Such behaviour is found in 
experiments. A prewetting (thick-thin film) transition can occur for confined 
fluids. The transition is shifted to a smaller value of p/psat than that 
appropriate to prewetting at a single planar wall. Whereas the magnitude 
of the shift is very small for slits, it is substantial for cylinders and this leads 
to the possibility of finding a triple point, where ‘liquid’ and thick and thin 
films coexist, in cylindrical pores whose radii may not be too large for 
investigation by experiment or computer simulation. Adsorption of super- 
critical fluids ( T >  T,, the bulk critical temperature) in cylinders is 
mentioned briefly. 

1. Introduction 
The measured adsorption isotherms of gases in mesoporous solids are characterized by 
steeply varying portions and pronounced hysteresis loops. The increasing (adsorption) 
part is usually associated with the capillary condensation of the gas to a dense, liquid-like 
state in the pore, whereas the decreasing (desorption) part is associated with the 
evaporation of the condensed ‘liquid’. Such an interpretation appears to date back to 
Zsigmondy2 in 19 11. In spite of much subsequent effort1? the theory of adsorption in 
solids with narrow pores remains in its infancy. While many of the difficulties in real 
materials arise from the complex connectivity and topology of the pores and the fact 
that the pores are not of a uniform size, even the nature of adsorption in the idealized 
case of a single, infinitely long model pore is poorly understood. Recently we have 
embarked upon a detailed theoretical investigation of phase equilibria, adsorption and 
related phenomena for simple fluids confined in slit-like and cylindrical capillaries which 
act as models for a single pore. Our approach is based on a mean-field density functional 
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theory of inhomogeneous fluids which treats the solid walls of the capillary as an external 
potential acting on the fluid molecules. This type of approach has been applied 
successfully to several interfacial problems. In particular it provides much insight into 
the factors that determine the systematics of wetting transitions, contact angles and 
adsorption isotherms at fluid-fluid interfaces and at the interface between a fluid and 
a single planar wall.4 Our results suggest that confined fluids can also exhibit rich phase 
equilibria which are reflected in the calculated adsorption isotherms. 

In an earlier paper5 we focussed attention on a slit-like capillary in which the fluid 
is confined by two parallel walls of infinite extent.? For a specific choice of fluid-fluid 
and wall-fluid potential functions we were able to calculate the capillary phase diagram 
in terms of the variables T (temperature), p (chemical potential) and H (separation of 
the walls). In addition, physically transparent formulae for the adsorption and the force 
acting between the two walls were derived. Here we concentrate rather on cylindrical 
pores, which are usually considered to be more realistic’ models for real materials. 
Cylindrical geometry hinders analytical progress and we are driven to numerical 
solutions at an earlier stage than for planar (slit) geometry. We find that whilst adsorption 
in cylinders has many features in common with that in slits there are some important 
quantitative differences, especially in complete wetting situations where thick liquid films 
develop on the walls. These differences are particularly relevant for the shape of the 
adsorption isotherms and for the possible observation of the thick-thin film (prewetting) 
transition in confined fluids. 

Before turning to a microscopic theory for inhomogeneous fluids it is instructive to 
ask. what can be learnt about the phase equilibria of confined fluids from macroscopic 
(thermodynamic) arguments.6 We consider two model pores each in contact with a 
reservoir of fluid at fixed T and p. The open cylinder is infinitely long ( L  -+a) and of 
interior radius R, while the slit is as described above. For a given R, or H the fluid will 
adopt that configuration which minimizes the grand potential l2. The latter is 
conveniently divided into bulk and surface contributions: 

SZ = - p V + y A  sf 

where p is the (bulk) pressure corresponding to ( p ,  T ) ,  V is the interior volume and A,, 
is the total area of the solid-fluid interface. y is the interfacial free energy or excess grand 
potential per unit area; it depends on R, or H .  We restrict consideration to T <  T,, the 
bulk critical temperature, and p < psat, the chemical potential at saturation, so that the 
fluid in the reservoir is a (bulk) gas. 

In the limit R,  or H -00 the equilibrium configuration will be ‘gas’. Provided the 
deviation A p  = p S a t - - p  is small y -+ ysg, the solid-gas interfacial tension defined for 
p = psat and H = a. The grand potential is then R, z - p V +  y,, Asf. The fluid in the 
pore may condense to a dense ‘liquid’ configuration if the walls are sufficiently attractive 
to fluid molecules and A p  is not too large. In this case y + ys l ,  the solid-liquid interfacial 
tension, again defined for p = psat and H = co. The corresponding grand potential is 
fi, x --PI V +  ysl A,,, where p l  is the pressure of the metastable bulk liquid with density 

at the same value of p. [A van der Waals loop in the (bulk) p against p relation is 
req~ired.1~ A first-order phase transition from ‘gas’ to ‘liquid’ will occur when 
SZg - SZ, = 0, or when the pressure p satisfies 

P - P f  = (Ysg - Y s l )  Asf/ v. (1) 
Introducing Young’s equation for the contact angle 8 at a single planar wall, 
ysg = ysl + ylg cos 8, eqn (1) reduces to 

2y , ,  cos 8/R,  (cylinder) 
2y,, cos 8 / H  (slit) P - P t  = { 

t Ref. (5) contains a brief review of earlier work on adsorption in model pores and on the phase equilibria 
of fluids, or magnets, between parallel walls. 
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Fig. 1. A schematic capillary coexistence curve for a fluid at fixed temperature. The slope of this 
curve near the origin is 2y,, cos O/@,-p,).  It ends at a criticai point at radius REr and chemical 

potential per.  

where ylg is the (planar) liquid-gas surface tension at temperature T. ‘Gas’ is stable for 
values of p smaller, or values of H and R, larger, than those given by eqn (2), whereas 
‘liquid’ is stable for larger values of p or smaller values of H and R,. The two 
configurations coexist when p satisfies eqn (2). The r.h.s. of eqn (2b)  is simply the 
macroscopic pressure difference that would arise across the concave cylindrical meniscus 
between liquid and gas in a vertical slit; the mean radius of curvature entering Laplace’s 
formula is H/cos 8 and we assume 8 < n/2.  Similarly the r.h.s. of eqn (2a)  refers to the 
pressure difference across the hemispherical meniscus in a cylinder; the mean radius of 
curvature is R,/cos 8. 

For small undersaturations p and p l  can be expanded about psat and, to first order 
in Ap,  p -PI = Ap(p, -pg),  where p1 and pg are the number densities of coexisting liquid 
and gas. Eqn (2) reduce to the familiar Kelvin equation for capillary condensation if we 
make the additional assumption that the gas is close to ideal so that 

2y1, cos 8/R,(pl -p,) (cylinder) 
2ylg cos O/H(pl - p g )  (slit). kTln (PsatlP) w AP = 

This derivation differs from the conventional argument,l which invokes directly the 
pressure difference across a curved meniscus. It is not necessary to introduce a meniscus 
into the problem nor it is necessary to introduce specific assumptions about solid-fluid 
contributions to ZZ. Eqn (3) should constitute a rigorous asymptotic result for the 
condensation pressure in the limits Re or H + co and Ap + 0 provided the bulk gas is 
sufficiently dilute to be treated as ideal. For smaller R, or H and larger Ap, y differs 
significantly from ysg. or ysl, and eqn (2)  and (3) become less accurate. One of the aims 
of the present work is to determine the regime of validity of these asymptotic results. 
Note that eqn (3) provides a measure of the shift of the bulk coexistence curve (line of 
first-order transitions) resulting from confinement of the fluid. This is better illustrated 
by a capillary phase diagram using Ap and 1 / R e  (or 1 /H)  as variables. For a given T, 
coexistence between ‘liquid’ and ‘gas’ in the capillary is denoted by a line in the (Ap,  
l /&) plane (see fig. 1). This line has a limiting slope 2y,, cos 9/@, -pg)  as R, +a. We 
find from our calculations that for sufficiently large l/Rc and Ap the line of capillary 
coexistence ends in a capillary critical point beyond which there is only one fluid 
configuration in the slit. l/Rc plays a role analogous to that of temperature in 
determining the bulk vapour pressure psat( T )  [or psat( T)]  curve. A more comprehensive 
discussion of capillary phase diagrams and critical points can be found in ref. (5). 

In deriving eqn (2) we implicitly assumed that the liquid did not wet the walls 
completely, i.e. a partial wetting situation with 9 > 0, so that in the limit Ap + 0 only 
a thin (microscopic) film of liquid-like density is adsorbed at the walls in the ‘gas’ 
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configuration. When 8 = 0 thick, liquid-like films intrude between the walls and the gas 
as Ap + 0, see fig. 2. In the cylinder near R = R, - t and in the slit near z = t and 
z = H - t ,  where t is the thickness of a single film, the density profile p resembles that 
of a liquid-gas interface. A crude approximation for the grand potential of such a 
‘ gas ’ is 

where & is the volume occupied by gas, 6 the volume occupied by the wetting film of 
metastable liquid and A,, is the area of the liquid-gas interface. For the cylinder this 
yields 

n g  = -P&-Pf K+Ys,A,l+YlgAlg 

(4 a)  PI 3 . K  = -e (R, - t )2- - (2Rc t - t2 )+Rc  y s l+ (R , - t )  y l g  27rL 2 2 

while for the slit 3 = -E ( H -  2t) - p f  t + ysl + y l g .  
R 
As1 2 

The grand potential of the ‘liquid’, whose profile is also shown in fig. 2, is given as 
previously with V = V,+ K. Thus condensation occurs when 

(cylinder) 
(slit). 

In the limits R, and H +  these results reduce to those of eqn (2).  The r.h.s. of (5a )  is 
the Laplace expression for the pressure difference across the hemispherical meniscus 
whose mean radius of curvature is now R , - t  while the r.h.s. of (5b) refers to the 
cylindrical meniscus of radius H - 2t .  These modifications to the Kelvin equation were 
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proposed originally by Cohan.’ A more systematic treatment of the influence of wetting 
films was contained in an important early paper by Derjaguin,* who showed that the 
correction to the Kelvin equation depends on the form chosen for the attractive part of 
the solid-fluid potential function; replacing R, by R, - t or H by H -  2t is valid6 only 
for exponentially decaying or finite ranged potentials. We return to this point later. 
Unfortunately the significance of Derjaguin’s paper does not appear to have been 
recognized in the Western literature. Subsequent attempts1* 37 9 9  lo at improvements on 
the Kelvin equation have usually been based on semi-empirical arguments and the status 
of these attempts is rather obscure. Consequently the validity and usefulness of eqn ( 5 )  
remain uncertain. Formulae of this type are often applied to the hysteresis loops of 
measured adsorption isotherms. While there is much discussion1* as to whether they 
are more appropriate to the adsorption or desorption branches, no systematic investi- 
gation of their limitations appears to have been reported. Certainly in the neighbourhood 
of a capillary critical point, where the distinction between ‘liquid’ and ‘gas ’ configurations 
disappears, the Kelvin equation [eqn (3)] or its modification [eqn (5)] will not be 
appli~able.~ Some microscopic theories have been employed. Calculations for a lattice 
gas confined between two parallel walls were reported by Hi1l,l1 who found jumps in the 
adsorption associated with capillary condensation. He did not make contact with the 
macroscopic Kelvin equation, however. More detailed mean-field calculations for a 
lattice gas confined in a single cylindrical pore were performed by Nicholson,12 who 
determined a critical radius below which no capillary condensation occurred. Another 
relevant paper is that of Saam and Cole,l3 who investigated the adsorption of He in a 
cylindrical pore using a simple model of a continuum fluid. 

In this paper we calculate adsorption isotherms for cylinders and slits using the density 
functional approach. At a first-order transition the adsorption Tm jumps by a finite 
amount. The pressure at which the transition occurs can be compared with that given 
by eqn (3) and (5) and hence the validity of these formulae can be ascertained. For fixed 
Tand &(or H )  Tm(p) exhibits a loop. The accompanying metastable states, which would 
give rise to hysteresis phenomena in a single pore, are examined in some detail. 

The remainder of the paper is arranged as follows: in section 2 we outline the density 
functional approach and describe the potential functions used to model fluid-fluid and 
wall-fluid interactions. Section 3 contains the results of numerical calculations of 
adsorption isotherms, illustrating condensation, metastable states and critical points, for 
a variety of pore sizes, temperatures and wall-fluid potentials. Under certain circumstances 
the coexistence of thick and thin films (prewetting) can be observed in pores and we give 
an example of a model system in which coexistence occurs between weakly metastable 
films; ‘liquid’ is slightly more stable suggesting that a triple point, where ‘thick’ and 
‘ thin’ films and ‘liquid’ all coexist, is close. Some results for adsorption from supercritical 
(T  > T,) fluids in cylinders with different radii are also presented. In section 4 we 
introduce simple slab approximations to the density profiles in order to obtain some 
explicit formulae for the grand potential of fluid configurations. These formulae allow 
us to derive instructive analytical results for the thickness and limit of stability of wetting 
films and provide a self-consistent treatment of capillary condensation, valid in the limit 
of wide capillaries and thick films. They also provide a useful framework for interpreting 
the results of our numerical calculations on the prewetting transition and determining 
the location of capillary critical points. We conclude, in section 5 ,  with a discussion of 
our results and their possible relevance for adsorption in real mesoporous solids. 

2. A Density Functional Theory for Confined Fluids 
Any microscopic treatment of adsorption and capillary coexistence must be based on 
a realistic theory of the inhomogeneous fluid confined in the pore. In particular the theory 
must describe wetting films and provide a reasonable account of bulk coexistence. The 
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density functional theory we have employed is based on a simple mean-field approach 
that has been used in several successful studies of adsorption and wetting transitions at  
a single wall4 and of the structure and surface tension of a free liquid-gas interface, where 
it has been l5 to give results in good agreement with those of computer 
simulation. 

We consider a model intrinsic Helmholtz free energy functional 

in which the contribution from repulsive forces between molecules is treated in local 
density approximation :fh@) is the Helmholtz free energy density of a uniform hard-sphere 
fluid of density p. The attractive forces are treated in a mean-field or random phase 
approximation; w2(r) is the attractive part of the pairwise potential between two fluid 
molecules. By making a local density approximation we omit the short-ranged 
correlationslG arising from packing (excluded volume) effects. This means that the 
resulting density profiles p(r)  do not exhibit the oscillations which usually occur for fluids 
near walls. Short-ranged correlations can be included by making a coarse-graining 
approximation for the hard-sphere free energy functionall7. l8 or by other methods;lg we 
comment on the need for such improved treatments later. The equilibrium density profile 
of the fluid is obtained by minimizing the grand potential functiona120 

Rvbl = P b l - 1 d r  [P-  V(4l P ( d  (7) 

where ,u is the chemical potential (fixed by the reservoir) and V(r) is the total wall-fluid 
(external) potential. The minimum value of Rv is the equilibrium grand potential R. Thus 
p(r) satisfies 

with deff(r) = dr’w,(lr - r’l)p(r’), the effective one-body potential arising from 

attractive fluid-fluid interactions and p&) = dfh(p)/dp, the local hard-sphere chemical 
potential. If a molecule in the fluid interacts with a molecule in the wall via a Yukawa 
pairwise potential -Cexp (-Aw r ) / r ,  where C and Aw are positive constants, it is 
straightforward to calculate V(r) assuming a constant density n, of wall molecules. For 
a fluid confined by two parallel walls, unbounded in the x and y directions and separated 
by a distance H in the z direction, we obtain 

,u = V(r)+ph[P(r)l + #efdr) (8) s 

(9) 
-Ew{exp (-A,z)+exp [-A,(H-z)]} 0 < z < H 

z < O ; z > H .  
V(r) = &(z) = 

(Each wall is assumed impenetrable.) E, is a positive strength parameter proportional to 
Cn,. An external potential of this form was employed in our earlier calculations. 
Adopting the same procedure for the fluid confined in an infintely long cylindrical 
capillary of interior radius R, we find, after some algebra 

where R is the radial distance from the axis of the cylinder and I,  and Kl are modified 
Bessel functions.21 In the limits R, -+a and R -+a3 the product 

and V,(R)+-&,exp(-AWz) 

provided z = I R, - R I -g R,. Thus the cylindrical wall potential reduces to the planar wall 
potential in the appropriate limit. A plot of V,(R) is shown in fig. 3; it is somewhat deeper 
than V,(z) for a given E,. 

Ki(Aw&)Io(&R) + exp [-Aw(R,-R)]/2Aw(RR,)~ 
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If the attractive fluid-fluid potential is also taken to be a Yukawa: 
w2(r) = - aA3 exp (- Ar)/47dr (11) 

where a = - [dr w2(r) is the integrated strength, deff(r) can be reduced to one-dimen- 
J 

sional integrals. In the planar case 

deff(z) = -4 A loH dz’p(z’) exp ( - L I z - z’ I) 
whereas in the cylindrical case 

This last result may be obtained by expanding the Yukawa in a series of products of 
modified Bessel functions I ,  K ,  (m is an integer); only the m = 0 terms remain when 
the appropriate integration is performed (see Appendix 1). In the special case where 
Lw = A, so that the decay lengths of the attractive wall-fluid and fluid-fluid potentials 
are the same, the integral eqn (8) can be transformed into a non-linear differential 
equation for&) = p(z) (planar) or&) = p(R) (cylinder). This model and procedure were 
developed originally by Sullivan16 for a single planar wall and extended later to the 
two-wall p r ~ b l e m . ~  In these planar cases the second-order differential equation possesses 
an explicit first integral and the solutions are easily determined. However, for the 
cylindrical case no explicit first integral exists and we found it more convenient to solve 

(14) 
the integral equation 

with yC from eqn (10) and q5eff given by eqn (13), using a simple iteration scheme.22 One 
makes some initial estimate p,(R) and computes 

P = K(R) + P M R ) I  + 4 e d R )  

This generates P ~ + ~ ( R )  since p&) is a monotonically increasing function of p. The 
convergence of the solution is usually rapid and corresponds to the approach to a local 
minimum of the grand potential i2. To obtain solutions with thick wetting films we found 
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Fig. 4. Comparison of the Yukawa and van der Waals-based wall potentials for cylinders: (a) 
&(A, R )  for a cylinder of radius A, R, = 10 and (b) <,,(A, R )  for a radius A, R, = 1 1, constructed 

as described in Appendix 2 with 0, = A i l  and E ,  = 5.625. 

it necessary to generate initial profiles for p > pSat. These were then used as trial functions 
for the iteration scheme at ,u < ,usat. Nevertheless, the procedure is usually more efficient 
than a single planar where one must ensure that solution merges smoothly into 
the bulk fluid. In most of the calculations reported here we set A, = A. For a single planar 
wall this choice ensures that the wetting transition is second order (critical)23 with no 
accompanying thick-thin film (prewetting) transition.* In order that we might investigate 
the latter in cylindrical geometry we also performed calculations for a model with 
A, = 0.8A.22 

A more realistic wall-fluid potential should take into account the long-ranged 
attractive van der Waals or London forces. The resulting algebraic decay of the potential 
is known to be important in determining the growth of wetting films* and the character 
of the wetting transition at a single planar 24 Recently we argued6 that the same 
algebraic decay should give rise to significant effects in capillary condensation when the 
pore is wide and the gas is weakly undersaturated so that thick wetting films of liquid 
develop on the walls. A suitable model potential can be constructed by assuming that 
a molecule in the fluid interacts with a wall molecule via a pairwise potential - A F ,  
where A is a positive constant. The details of the construction are given in Appendix 2. 
In fig. 4 we plot the resulting potential for a cylinder and compare with the 
corresponding result [eqn (lo)] derived from the Yukawa pairwise potential. The van der 
Waals potential KVw(R) is substantially deeper than V,(R) for radii R close to R,, i.e. 
near the wall, but it is shallower near the centre of the pore. A few density functional 
calculations were performed for a Yukawa fluid confined by both potentials in order to 
examine the sensitivity of the results to the form of the wall-fluid potential. 

3. Results of Calculations 
All our calculations were based on the Carnahan and Starling equation of state for 
hard spheres. The bulk pressure and chemical potential of the Yukawa fluid as a function 
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of bulk density pb follow from eqn (6) and (1 1) : 

P@b 1 = Phbb )- 

and = p h b b  - aPb. 

1771 

(15) 

The bulk coexisting densities p, and pg are easily obtained from these equations and the 
critical density pc and temperature T,  satisfy16 

pcd3 = 0.249; a = 11.102 kT,d3 

where d is the hard-sphere diameter. 
For given p and T, density profiles p(R) corresponding to ‘liquid’ and ‘gas’ solutions 

could usually be found, except for small radii and large undersaturations, where only one 
solution exists. When two solutions are present, that with the lower grand potential is 
the stable one; the other corresponds to a metastable solution. If two distinct solutions 
have equal grand potential for fixed ,u and 7‘’ ‘liquid’ and ‘gas’ coexist in the pore. A 
capillary critical point occurs when the two hitherto distinct fluid configurations, 
characterized by distinct density profiles, become indistinguishable. The terms ‘ liquid ’ 
and ‘gas’ become less appropriate in the approach to such a critical point. When 
prewetting occurs in a capillary, three solutions, corresponding to ‘gas’ with distinct thick 
and thin films and to ‘liquid’, are present. Examples are given which illustrate these 
various features. 

We found it convenient to construct adsorption isotherms by computing a dimensionless 
measure of the adsorption or coverage defined by 

d 3  
H 

Tm = - JoH dzp(z) for the cylinder, or 

for the slit. Tm was calculated as a function of the ratio Pb/Pg, where pb is the bulk gas 
density at chemical potential ,u < psat and pg is its density at saturation. Results for a 
partial wetting situation at T = 0.6T, are shown in fig. 5. The wall potentials are given 
by eqn (9) or (10) with E, = 2.1 14 kT, and A, = A. For this choice of E, the second-order 
wetting transition at a single planar wall occurs16 at T, = 0.96T,. Thus T < T, and the 
contact angle 8 + 7112 so that no thick wetting films develop in the ‘gas’ solution. At 
large undersaturations (small Pb/Pg) Tm is small, as is characteristic of adsorption from 
a dilute ‘ gas ’. A vertical jump in Tm occurs at an undersaturation ratiop’ = pk/pg = phond. 
This corresponds to capillary condensation to a dense ‘liquid’ with large Tm, stable for 
p’ > Phond. Phond varies with R, (or H). The larger R,, the larger is Phond and the larger 
is the jump in Tm. For ARC = 10 and 15 the values of PLond (marked by vertical arrows) 
obtained from the macroscopic Kelvin equation [eqn (3)] are within 1 % of the calculated 
values. However, for the smallest radius, ARC = 4, Phond is significantly smaller than the 
Kelvin estimate. The adsorption isotherm for the slit with AH = 4 is similar to that for 
ARC = 4; capillary condensation occurs within 1% of that for the cylinder and the 
magnitude of the jump in Tm is almost identical. We note that the metastable (p’ < phond) 
portions of the ‘liquid’ branch of the isotherms extend to rather large undersaturations. 
The metastable portions of the ‘gas’ branch extend to large supersaturations ,u > ,usat 
or p‘ > 1 .  This is not shown in the figure. 

Results for a complete wetting situation are shown in fig. 6. The attractive wall potential 
is stronger now: E, = 4.5kT,(AW = A) and the temperature T = 0.6 T, lies above the 
wetting transition temperature T, z 0.57 T,. The isotherms for the cylinder and the slit 
are now quite different especially on the ‘gas’ branches, which now exhibit wetting films. 
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Fig. 6. Adsorption for a cylinder of radius ARC = 10 and a slit of width AH = 10 at a temperature 
T = 0.6 T,, above T,. Condensation occurs (vertical portion) at larger undersaturations than that 
predicted by the Kelvin equation (vertical arrow). The metastable portions on the ‘gas’ branch 

now terminate at p’ c 1. E, = 4.5 kT,. 
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Fig. 7. Adsorption for cylinders at a temperature T = 0.8 T,, above T,. Curves (a) ARC = 20, (6) 
IR,  = 15, (c )  ARC = 10 and ( d )  ARC = 5 are calculated for the wall potential V,  while (e) (dashed 
line) is calculated for the van der Waals wall potential V,,, constructed as described in Appendix 2 
with I ,  R, = 21,0, = &.l = 1-l. The vertical arrows mark the Kelvin estimates for condensation. 

Curve (d )  is supercritical. E, = 4.5 kT,. 

Tm is larger for the cylinder but the metastable ‘gas’ portion extends to a limiting 
undersaturation ratio pi that is much smaller than the corresponding quantity for the 
slit. This is a general feature for wetting situations which is accounted for in the next 
section. The ‘gas’ branch must terminate5 at pi < 1 if T > T, and no prewetting occurs. 
Capillary condensation occurs at a substantially smaller value of pLond in the slit. The 
unmodified Kelvin equation [eqn (3)] predicts the same value for the slit and cylinder 
and this is much too large. We should contrast these results with those for LR, = 10 and 
15 shown for a partial wetting case in fig. 5. There, cylinders and slits have almost 
identical values of Piond and these lie very close to the Kelvin estimate. The modified 
Kelvin equations [eqn (5) ]  are not inconsistent with our results, but since PLond < 1, 
very thick films do not develop at condensation so [eqn (5)] cannot be used for 
quantitative purposes. 

In fig. 7 results for the same wall potential, but a higher temperature T/T,  = 0.8, are 
plotted for several cylindrial pores. Condensation occurs for the three largest radii, but 
for LR, = 5, Tm increases monotonically with increasing pb/pg. As R, is reduced the 
metastable portions of the isotherms shrink and the jump in Tm is reduced. Eventually 
a critical radius is reached for which the loop in Tm disappears and 
(ap/Xm) = (a2p/ar&) = 0. This corresponds to a capillary critical point.5 In the 
present case the critical radius is ARC M 6. For smaller radii, no first-order transitions 
occur and only one solution exists. The isotherm for AR, = 5 can therefore be considered 
supercritical. The Kelvin estimates are poor even for the largest radius ARC = 20. For 
this case we have compared the results with those obtained using the van der Waals wall 
potential described in Appendix 2 and plotted (for a smaller radius) in fig. 4. The 
adsorption on the ‘liquid’ branch is almost identical to that obtained from the wall 
potential based on the Yukawa model, but it is lower on the stable ‘gas’ branch and 
increases more rapidly on the metastable portion. Condensation occurs at a very slightly 
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Fig. 8. Adsorption isotherms for a cylinder of radius ARC = 10. (a) T = 0.6 T,, (b) T = 0.7 T,, (c) 
T = 0.8 T, and (d )  T = 0.9 c. The vertical portions represent the jump in Tm at condensation. 

Curve (d )  is slightly supercritical. E ,  = 4.5 kT,. 

larger undersaturation (smaller p’) for the van der Waals potential. However phond is 
again too small for approximations such as eqn (5) to be reliable. 

When making adsorption measurements on mesoporous solids one is not usually at 
liberty to vary the pore radius. Consequently in making comparison with experiment it 
is more natural to plot isotherms for different temperatures and fixed radius. Such a plot 
is given in fig. 8 for the wall potential eqn (10) with E, = 4.5 kT,(A, = A) and ARC = 10. 
Condensation occurs for the three lowest temperatures but the ‘loops’ in Tm shrink as 
T - ,  T,, and for T x 0.9 T, a capillary point occurs for this choice of R,. (The isotherm 
for T = 0.9 T, is only slightly supercritical.) For T 3 0.9 T, Tm increases monotonically 
with p’ and no metastable states exist. 

In fig. 9 we plot adsorption results for a wall potential that has A, = 0.8 A, A = d-l 
and E, = 3 kT,. As mentioned earlier this model was shown22 to exhibit a first-order 
wetting transition at Tw = 0.58 T, for a single planar wall. The associated prewetting line, 
where thick and thin films coexist, extends22 to the surface critical point at T,, = 0.645 T,. 
This line lies very close to the bulk coexistence curve, which it meets tangentially at 
T = T,. In an earlier paper,25 we argued that coexistence between stable thick and thin 
films would only occur in a slit-like capillary if the wall separation H was very large, 
typically x 70 d. For smaller H ,  condensation will occur at larger undersaturations than 
prewetting and the latter can only arise as a transition between metastable states. Here 
we investigate the competition between capillary condensation and prewetting in both 
slits and cylinders, at a temperature T = 0.63 T,. For ARC and AH = 16 no prewetting 
is obtained and capillary condensation occurs at similar values of pkond; both somewhat 
lower than the estimate from the unmodified Kelvin equation [eqn (3)]. For the larger 
pores, ARC and AH = 30, prewetting is found, i.e. coexistence between two distinct ‘gas’ 
configurations corresponding to large and small values of Tm. In the slit, prewetting 
occurs at p;, = 0.960, which is very slightly less than the corresponding ratio for a single 
wall at the same temperature, i.e. 0.962. However, the coexisting thick and thin films 
have a much higher grand potential than the ‘liquid’ which is the stable configuration 
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Fig. 9. Adsorption for cylinders and slits at T = 0.63 T, for a system that undergoes a first-order 
wetting transition. (a) ARC = 30, (b) AH = 30, (c) ARC = 16 and (d )  AH = 16. (The ‘liquid’ branch 
of Tm is almost identical for ARC = 30, AH = 30 and AH = 16.) The vertical portions represent 
the jump in Tm at capillary condensation. For ARC = 30 and AH = 30 a prewetting transition 
(dashed vertical lines) occurs between metastable thick and thin films. The vertical arrows mark 

the Kelvin estimates for condensation. E ,  = 3.0 kT,, A, = 0.8 A and A = d-l. 

Fig. 10. Density profiles p, in reduced units, of ‘liquid’ and of thick and thin films calculated for 
a cylinder of radius ARC = 30 at T = 0.63 T,. See text for details. 

for p’ > pLond = 0.844. The case of the cylinder is rather different. Prewetting now occurs 
at pkw = 0.878, well below the result for the slit, and closer to pLond = 0.848. Indeed the 
‘liquid’ has only a slightly lower grand potential at pbw. In fig. 10 we plot the density 
profiles of the three configurations that exist in the cylinder at p’ = 0.88, where the thick 
and thin films are still very weakly metastable. The ‘liquid’ density profile is constant 
throughout the cylinder apart from a decreasing portion very close to the wall. Whereas 



1776 

I I I I I I I I I  

Capillary Condensat ion 

I I I I I  

it is likely that with more effort we could find a radius Re triple, close to R, = 30 d, for 
which ‘liquid’, thick and thin films would all coexist, such a triple point will only occur 
in slits at Iftriple % 30 d. An explanation of this difference is provided in the next section. 

Finally, in fig. 1 1 we present some results for adsorption from supercritical fluids. These 
refer to cylinders with three different radii and fixed temperature T = 1.35 T,. The wall 
potential is given by eqn (10) (E ,  = 4.5 kT, and A, = A). We have chosen to plot the 
normalized adsorption excess 

for different ratios pb/pc. Here Pb is the bulk fluid density at chemical potential p and 
pc is the bulk critical density pc d 3  = 0.249. The interesting feature is that re, exhibits 
a maximum for pb/pc -= 1 that becomes more pronounced and shifts to smaller values 
as R, is reduced. Results similar to those shown in fig. 11 were also obtained for the 
slit-like capillary. Recently van Megen and Snook26 performed grand canonical Monte 
Carlo simulations of supercritical fluids confined between two parallel walls. Their results 
(see fig. 5 of their paper) exhibit the same trends as ours. A maximum at pb/pc < 1 was 
found in the adsorption excess measurements of Specovious and FindeneggZ7 on 
supercritical ethylene adsorbed on graphitized carbon black. We postpone comparison 
with these results and detailed discussion of finite size and geometrical effects for 
near-critical and supercritical fluids to a future paper. 

4. The Slab Approximation and its Consequences 
Several of the results obtained from the numerical calculations of the last section can 
be understood in terms of a slab approximation to the density profile of the fluid in the 
pore. By choosing simple parametrized forms for the profile, explicit expressions for the 



R. Evans, U .  M .  B. Marconi and P. Tarazona 1777 
grand potential are obtained that can be minimized to obtain equilibrium configurations. 
The resulting formulae for the thickness of wetting films and for the pressure at which 
condensation occurs shed much insight into capillary phenomena. Whilst this type of 
approach is in a similar spirit to that introduced by Derjaguin,8y28 and by Frenkel, 
Halsey and Hill in their slab theory of multilayer adsorption, we employ the density 
functional formalism to obtain the grand potential as a function of suitable parameters 
rather than model directly the disjoining pressure. 

We concentrate on a ‘gas’ configuration with a wetting film of thickness t (see fig. 2). 
The density profile is approximated by 

where p[ is the density of the metastable bulk liquid at chemical potential p and 
temperature T and pM = p(0) is the density at the centre. In the present version of the 
approximation we set p M  = pb, the density of the bulk gas at p( < psat) and T. Although 
this is adequate for large radii Re and small undersaturations it is not appropriate for 
the small radii and large undersaturations which are relevant near capillary critical points 
and a different approximation will be adopted for that case. The grand potential n,(t) 
of the ‘gas’ configuration is obtained by substituting eqn (17) into eqn (6) and (7): 

+; lORcdR Rp(R) dr’p(R’) w2(lv-r’I)+ s 
where L is the length of the cylinder. Recalling that 

f h ( P b )  = -Phbb ) + P b  ph@b) 

assuming the Yukawa eqn (1 1) for w2 and using eqn (1 5) ,  this can be re-written as 

= +(2Rc t - t 2 )  (-pf + apf2/2)+&(Rc - t)2 (-p+ ap i /2 )  
2nL 

+JoRcdR Rp(R) V,(R). (18) 
A3 exp(-AJv-v’I) 

4nA I Y- Y’ I dR Rp(R) dr’p(R’) s 
The double integral can be evaluated using eqn (A 3) and some standard properties21 
of modified Bessel functions. It reduces to 
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Combining terms and using the asymptotic expansionsz1 ( z  B 1 )  of Il(z) and K,(z) we find, 
to first order in t / R , ,  

a a 
27rL 2 4iz 211 
1- * ( t )  - --PRZ,++(p-pf)(2Rc t - t Z ) + - &  Rc(l  - t / R , )  +-pf2Rc(1 - t / 2 R c )  

The equilibrium film thickness to is given by differentiating this expression and satisfies 

where for convenience we have set ilw = 11. In the limit p + pSat we can replace pf by 
p1 and Pb by pg. The first term of the r.h.s. of eqn (20) is then y l g ,  the surface tension 
of the corresponding slab approximation to the planar liquid-gas interface. The latter 
is defined by p(z) = pl, z < 0 and p(z) = pg, z > 0; y lg  is the surface excess grand potential 
per unit area.? Thus eqn (20) reduces to 

where we have ignored a term O ( t o / R c )  inside the logarithm and assumed 2.5, > ap,, as 
is appropriate to complete wetting. This result is significantly different from that obtained 
from the corresponding analysis for a slit, i.e. 

If H 9 2t0 the equilibrium thickness approaches that of a film at a single planar wall to( co). 
Since the correction term is an exponential, films in slits are only slightly thicker than 
to(co) for the same undersaturation.28 In the cylinder, however, the correction to to(co) 
depends on the mean radius of curvature R ,  - to ;  the effective undersaturation p -pf is 
reduced by an amount y lg / (Rc  - t o ) .  This can be a very substantial quantity, especially 
at low temperatures where y lg  is large, leading to much. thicker films in cylinders. Recall 
that fig. 6 and 9 show that Tm is generally much larger for the ‘gas’ branch of cylinders 
than for slits. Moreover eqn (21) indicates that a minimum of Qg(t) can only occur 
provided p - p f  > yl, /(R, - to ) ,  a condition which places an implicit lower bound on the 
undersaturationp -pf , below which no thick films can exist. By contrast, the lower bound 
for the slit is determined by exponential terms and is therefore much smaller than in the 
cylinder (for H = R e ) .  This argument explains why the adsorption isotherms plotted in 
fig. 6 and 9 have metastable ‘gas’ branches extending to much larger ratios p’ in slits 
than in cylinders. It can be understood more clearly by considering the increase in grand 

t The result from the slab approximation ylg = a@, - ~ ~ ) ~ / 4 1  provides’a poor estimate of the exact surface 
tension calculated from the exact solution of eqn (8) for the case V,(z) = 0. This is not important for the present 
derivation, however. The final formulae are not restricted to the slab approximation and should be utilized 
with the exact surface tension. 
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potential associated with an increase 6t is the thickness t of the film. We can rewrite eqn 
(19) as 
X I  

(23) 
SZ,(t) + nLRgp 1 t 

2nLR, 2& R,  
me"(?) E = - (P -pf ) (2R, t - t 2 )  - y l g - +  h ( t )  

where Aco(t) includes constant terms and terms proportional to exp(-At) and 
exp ( - lw t) .  [These exponential terms are omitted in the macroscopic approximation 
(4a).] The increase in surface excess grand potential per unit area of wall, mex, on 
increasing t by an infinitesimal amount 6t is [(P-pf)  (1 - t / R c ) -  ylg/Rc] 6t+exponental 
terms. By contrast the slit has 

Asf 

and the analogous calculation yields an increase of (p -pf ) dt + exponential terms. While 
these results agree in the limit R, = H +a, they differ substantially at finite R, or H. In 
the cylinder, the increase in mex arising from the increase in volume of the metastable 
'liquid' constituting the film is moderated by the reduction ( -ylg 6 t / R c )  arising from 
the decrease in area of the 'liquid '-' gas' interface. No such surface (or curvature) effect 
arises for the slit since the interfacial area is always fixed. The increase in uex is positive, 
and the film stable or metastable provided p -pf > ylg/(Rc - t) ,  the same condition we 
derived above. 

Condensation occurs when SZg(to) = S Z , ,  the grand potential corresponding to a 
'liquid' configuration. The slab approximation sets p(R) = p] for 0 d R '< R,. It follows 
that in the limits ARC and lwRc $ 1 

Using eqn (19), (21) and (25) we find condensation when the undersaturation satisfies 

P -PI = 2Ylg/(Rc - to 1 (cylinder) (26 a)  
where we have assumed to $ A - l .  In other words, we recover the macroscopic expression 
(5a) ,  but now the film thickness to is determined self-consistently from eqn (21). We note 
that this analysis suggests that condensation should occur for undersaturations p -pf 
that are considerably larger than the lower bound for metastable thick films described 
above. The corresponding result for the slit is 

p-pf = 2yl,/(H-2t0) (slit) 
with to determined by eqn (22). We emphasize that both formulae are valid strictly in 
the limit of wide capillaries, small undersaturations and thick wetting films; they are not 
quantitatively accurate for most of the examples described in section 3. Indeed these 
formulae should prove more useful6 in the study of the thick wetting films that occur 
in capillary rise experiments of the type performed recently by Moldover and Gammon.29 
Here the degree of undersaturation is determined by gravity and therefore can be made 
arbitrarily small. However, it is likely that van der Waals forces play a crucial role in 
these circumstances.6 For a Yukawa fluid confined in a cylinder with a wall potential 
V,,,(R) given by eqn (A 4), the slab approximation predicts condensation at 

p -pf' = 2y,,/(R, - 3t0/2) (cylinder) (27 a)  
where the equilibrium thickness satisfies 
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Eqn (27a) and (28) remain valid for a Lennard-Jones 12-6 fluid confined by a van der 
Waals wall but the strength parameter in the denominator of eqn (28) is reduced.6 The 
corresponding result for a slit with van der Waals walls is 

p -pf = 2y,, /(H- 3 t0 )  (slit). (27 b )  
There is no simple macroscopic interpretation of eqn (27). Whilst H -  21, or R, - to may 
be regarded as the effective mean radius of curvature of the appropriate meniscus, H -  31, 
and R, - 3t0 /2  cannot. As recognized by Derjaguin,8v 28 the corrections to the macroscopic 
formulae depend explicitly on the - z - ~  asymptotic decay assumed for the wall potential. 
Other algebraic decays will produce different corrections, i.e. if &(z) decays as 
-zZ-m(m > 2)  for large z, the denominator in eqn (27b) and (27a) must be replaced by 
H -  21, - 2to/(m - 1) and R, - to - to/ (m - l), respectively, with to determined 
accordingly. 

Eqn (28)  again implies an implicit lower bound on the undersaturation; p-pf  must 
be greater than yl6/(Rc - t o ) .  The results plotted in fig. 7 for ARC = 20 indicate that the 
limits of metastability of the 'gas' branch are similar for both types of wall potential. 

We now turn to the application of the slab approximation to the determination of 
capillary critical points for fluids confined in cylinders. The corresponding analysis for 
a slit has already been described in detaiL5 From our numerical calculations, we find that 
in the neighbourhood of a critical point the coexisting density profiles p(R)  usually have 
similar shapes, but different central densities pM. Often the profiles are quite flat. This 
suggests making the approximation p(R)  = pM for 0 < R < R,. Such an approximation 
cannot account for wetting films, but these are not present5 for the smaller radii and larger 
undersaturations which characterize the capillary critical points. The grand potential of 
the uniform slab is 

which has precisely the same dependence on pM as that for the slit. The equilibrium pM 
is that which minimizes i2 at fixed p, T and R,, i.e. 

In the limit R, --+GO, I l ( M c )  Kl(AR,) + 1 / (2ARc) and the bulk densityp, is determined, as 
is usual, from the roots of p = p h @ b ) - w b .  For finite R,, the second term in eqn (30) 
becomes relevant and the roots of this equation differ from the bulk values. In particular, 
it is possible to choose p to lie outside the bulk two-phase region and still obtain multiple 
roots of eqn (30) .  If two solutions with distinct values of p M  have equal values of Q, they 
coexist. For a certain (critical) value of R,, the multiple roots merge into a single critical 
value pE. The latter is equal to the bulk critical density p,; pE is T and R, independent 
in this slab appr~ximation.~ The critical radius REr satisfies 

T 
- = 1 - 2Il(AREr) Kl(REr) 
T, 

where is the bulk critical temperature. For a given T this equation determines REr. 
Alternatively, it determines the capillary critical temperature TEaP for a given radius R,. 
The corresponding formula5 for the slit is 

[I -exp(-AHCr)] 
= 1 -  T 

- Tc AHC' 

In the limit ARC % 1 ,  eqn (31) can be expanded as 
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so that the critical temperature is reduced below its bulk value by an amount inversely 
proportional to ARC : 

An equivalent shift, l/AH, is obtained from eqn (32) in the limit AH % 1. It is likely that 
neither result gives the correct asymptotic behaviour as H + 00 and TEaP + T,. The slab 
approximation omits the effects of bulk criticality. When these were properly included,30 
for a particular lattice-gas model the shift was proportional to 1/H2, as H + 00, in 
mean-field theory. However, for separations AH < 20, and temperatures T < 0.95T,, eqn 
(32) provides a good account of the location of the capillary critical points calculated 
from the full theory for the slit.5 A similar level of agreement is expected from eqn (31) 
for cylinders. Moreover we note that the variation of TEaP with a R, predicted by eqn 
(31) is very close to the variation of TZaP with H predicted by eqn (32), even for values 
of ARC and AH as small as 2. As is the case for the capillary critical points lie outside 
the bulk two-phase region [ p  lies below the loop in p@)]  in the complete wetting regime 
T >  Tw. 
A slab approximation can also be used to investigate the prewetting transition 

described in section 3. Let the grand potential of the configuration with the (thick) wetting 
film of thickness t ,  be a,(?,) and that with the (thin) film of thickness ts be aB( tB) .  These 
configurations coexist in the pore when a, = sZg or wEX = cop. Assuming that the grand 
potentials of both can be expressed in the form of eqn (23) ,  it follows that coexistence 
(prewe t ting) occurs when 

- ( Amp(tp) -  ) + ylg/ Rc ) ( 1 - w)-' (cylinder). (34 a) 
2RC 

(P -Pt)pw - 
ta - tp 

(This is equivalent to assuming both films consist of metastable 'liquid' at density pf 
and pressure pf .) If t ,  % tb we expect (AmB - Am,) > 0, since this difference will depend 
mainly on a term - apf / 2 )  (pf -pb) [exp (- Atp) - exp (- At,)] which is positive. 
For the slit the same approximations predict prewetting when 

This undersaturation is very weakly H dependent; the difference Acug: Am, depends on 
terms such as exp [ - A(H- 2t)l. Consequently the prewetting transition is shifted only 
slightly from its location at single wall ( H  = co), as was in our numerical 
calculations. In the cylinder, on the other hand, the undersaturation at which prewetting 
occurs is substantially increased by the term ylg/Rc in the numerator of eqn (34). This 
term again has its origin in the interfacial area contribution to o e x ( t ) .  Increasing t lowers 
this contribution; the balance of 'bulk' and 'surface' contributions is quite different 
between cylinders and slits and it is this which produces the striking difference in the 
shift of the prewetting transition shown in fig. 9. Within the same approximation scheme 
a triple point occurs when (p -PI),,, as estimated from eqn (34), is approximately equal 
to 2y , , / (R, - t t , )  for the cylinder or 2y l , / (H-2 t , )  for the slit. Thus, 

If we assume t ,  B tg and that the difference Amg- Am, is similar for slits and cylinders, 
it is clear that R, triple may be a factor of two, or more, smaller than Htriple for the same 
temperature. 
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In discussion prewetting and capillary critical points we have considered only 

exponentially decaying wall potentials as derived from the Yukawa model. For van der 
Waals wall potentials the corresponding analysis might produce rather different results. 

5. Discussion 
The results we have presented here complement those of our earlier study5 of slits and 
support many of the conclusions we drew there. For small undersaturations a first-order 
transition from gas to metastable bulk liquid occurs with an accompanying jump in the 
adsorption. Such a transition is consistent with the classical, macroscopic description of 
capillary condensation as outlined in the introduction. If T c T, (partial wetting) the 
Kelvin equation [eqn (3a)l provides a rather accurate (good to a few percent) estimate 
of the condensation pressure, even for cylinders with radii as small as 10 2-l (see fig. 5). 
Similar results were obtained for 31 For T > Tw, however, the deviations from the 
(unmodified) Kelvin equation [eqn (3)] are often very large and the condensation pressure 
can differ considerably between slits and cylinders. The deviations are especially 
pronounced at higher temperatures, although still well below T,, where the adsorption 
on the 'gas' branch is large and the loops in Tm are shrinking (fig. 7). Under these 
circumstances the modified Kelvin equation [eqn (5) ]  is not particularly useful either. 
Indeed it is difficult to obtain a simple formula that is reliable for such cases. The 
self-consistent version [eqn (26)], obtained from the slab approximation, is accurate only 
when very thick films are present. This requires large radii and very small undersatura- 
tions, conditions that are not met in most adsorption measurements made on 
mesoporous solids, but which could be realized in capillary rise 8 *  28, 29 E qn 
(21), (22) and (28) for the thickness of the film are useful, nevertheless, in providing a 
simple explanation of why metastable thick films can extend to much larger undersat- 
uration ratios Pb/Pg in slits than in cylinders, something which might be relevant for the 
shape of the hysteresis loops in Tm. 

As the radius is decreased, condensation is shifted to smaller undersaturation ratios 
and the loops in Tm shrink. The macroscopic description of capillary condensation is 
no longer applicable since one often finds condensation occurring for a chemical potential 
p that falls outside the bulk two-phase r e g i ~ n , ~  i.e. there is no metastable bulk liquid 
for that value of p. The subsequent description of the first-order transition is intimately 
connected with the loop in Tm and in other interfacial quantities. In the case of the slit 
it was possible to make an equal area construction, in terms of certain variables, to obtain 
coexisting  configuration^.^ For cylinders such a construction is not straightforward but 
the physical mechanism remains the same. We remark that there is no equal area 
construction for Tm or the excess, rex, in terms of ,u or p or Pb. The vanishing of the 
loop in at a given Tsignals a capillary critical point. Although we have not attempted 
to determine in detail the line of critical points for cylinders, we expect this to be similar 
to that obtained for slits5 (for the equivalent potential functions). That this should be 
the case is suggested by the results of the slab approximation discussed in section 4 and 
from a few comparisons of numerical results. Although the slab approximation fails as 
R, -+ co and TzaP -, T,, it becomes more reliable at lower temperatures when R, > r( TEap), 
the appropriate bulk correlation length. [Criticality of the fluid in the pore is characterized 
by a diverging local compressibility at the centre and the growth of long-ranged 
transverse (along the axis of the cylinder) ~orrelations.1~ In the opposite limit R, -+ d, the 
hard-sphere diameter, the slab approximation for critical points also fails. Indeed the 
present local density treatment of short-ranged (hard-sphere) correlations becomes 
completely inadequate in this limit where excluded volume or packing considerations are 
crucially important. More sophisticated density functional treatments," which do include 
short-ranged correlations, are currently being applied to this problem and to the 
analogous case of the slit. Preliminary results for the latter indicate that the effects of 
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packing or layering become significant for H x 3d and influence the first-order transition. 
Moreover two-dimensional-like liquid-gas condensation occurs for H < d and temper- 
atures below the two-dimensional critical temperature. Even within the confines of 
mean-field-theory much further investigation is required before the gross features of the 
phase equilibria, including possible critical points, will be ascertained for very narrow 
pores. The additional complexities associated with fluctuation corrections are likely to 
be fearsome! 

As mentioned in the introduction, Nicholson12 performed lattice gas calculations for 
adsorption in cylinders. His results for the coverage as a function of pressure for different 
radii are similar to ours although he did not emphasize the importance of loops and 
metastable states so the origin of the critical radius that he determined was somewhat 
obscured. The capillary critical points that we describe here and calculate explicitly for 
slits,5 have the same origin as those obtained by Nakanishi and Fisher30 in a related study. 
These authors work in the magnetic analogue and choose to fix H and vary T rather 
than construct isotherms. Their paper concentrates on ‘shifts’ of the bulk critical 
temperature arising from confinement. 

Our results for prewetting in cylinders warrant further comment. There are good 
reasons, associated with the relative ranges of wall-fluid and fluid-fluid attractive 
potentials, or with algebraic decay of forces4? 2 2 ~  32 for expecting the wetting transition 
at a single planar wall to be first order, as obtained originally by Cahn33 and Ebner and 
S a a 1 ~ 1 . ~ ~  Whilst much experimental and computational effort has gone into the search 
for prewetting the only experimental evidence stems from very recent light scattering 
measurements on solid spheres immersed in a binary liquid and the only 
computer simulation to detect prewetting is for a lattice gas.36 Since many adsorption 
experiments employ solid material in a disperse form (particles) as a substrate and the 
distance between the surfaces of the particles is typically about 100 A in a material such 
as graphon, it is of interest to enquire whether confining geometry has a significant role 
for the possible observation of the prewetting transition. The results presented in section 3, 
together with our earlier ones,25 suggest that stable prewetting is unlikely to occur for 
fluids confined between plate-like particles unless the separation between the plates is 
very large. Capillary condensation will usually occur in preference to prewetting. For 
fluids confined in cylindrical pores, however, the prewetting transition occurs at smaller 
pressures (larger undersaturation) than at a planar wall and it should be possible to 
observe this transition in pores whose radii are about 30 or 40 molecular diameters. Its 
signature would be a jump in the adsorption of the magnitude indicated by the dashed 
vertical linesin fig. 9, but atp’ < pLond, so that the subsequent condensation occurs between 
the thick film and the ‘liquid’. Two jumps, accompanied by hysteresis, would constitute 
a clear indication of prewetting in confined geometry. At the triple point there would 
be only one jump. We do not attempt to draw the (l/& T, Ap)  phase diagram here, 
but remark that this will have the same form as that shown in fig. 5 of ref. (25) (with 
1/R, replacing 1 / H )  except that the stable prewetting surface should be increased in 
extent because the line of triple points is moved to larger values of l/Rc. Evidently our 
results have repercussions for computer simulations of solid-fluid adsorption. Most 
simulations confine the fluid between two adsorbing walls, i.e. in a slit with finite wall 
separation H. Usually H 4 40d so one would not expect to observe stable prewetting in 
grand canonical Monte Carlo simulations of the type performed, for example, by Lane 
et aZ.37 Confining the fluid in a cylinder would certainly appear to be more favourable, 
although the values of RCtriple that we estimate are still rather large. It is possible, of 
course, that a transition between metastable thick and thin films could be observed if 
condensation could be avoided in the simulation. An alternative procedure is to fix the 
number of 

Given that curvature contributions have a significant effect on determining the shift 
of the prewetting transition it is natural to enquire what happens for fluids adsorbed on 

but this complicates the subsequent interpretation. 



1784 Capillary Condensation 
the outside of a single closed cylinder or a sphere immersed in bulk. There is no capillary 
condensation now but thick wetting films can develop on the wall for T > T,. The analysis 
of section 4 yields an excess grand potential: 

1 t 
wex(t) = - ( p - p f ) ( 2 R C  t+t2)+Ylg-+Aw(t) (36) 

2RC RC 
for the cylinder. The grand potential associated with the liquid-gas interface now 
increases as the film thickness t increases; the interfacial area increases in this case. For 
the wall potential based on the Yukawa model the equilibrium thickness to is given by 

which should be constrasted with eqn (21). The curvature contribution y,,/(Rc + t )  now 
acts to increase the undersaturation p -PI. Thus, to does not diverge in the limit p -+ psat, 
provided R,, the external radius, remains finite.38 to can, nevertheless, be large for small 
yle and large R,. The undersaturation at  which prewetting occurs can be estimated by 
following the previous argument and we find 

rather than eqn (34a). Consequently the transition is now shifted by roughly the same 
amount, but in the opposite direction, i.e. to smaller undersaturations than that 
appropriate to a single planar wall. The prewetting line Appw(Rc) slopes towards small 
Ap as R, is reduced. Eqn (38) suggests that there is a limiting radius below which 
prewetting does not occur. The same conclusion was reached by Levinson et al.38 from 
analysis of the Cahn33 model applied to fluids outside cylinders. Equivalent results hold 
for spheres; again the curvature effect shifts prewetting towards smaller A p  making it 
difficult to observe except for rather large radii. Such observations may be relevant to 
experiment .35 

We return finally to real porous solids and ask whether our results have consequences 
for the interpretation of adsorption measurements. Explanations of the observed 
hysteresis abound.lY3t7 These often invoke the difference in shape of the meniscus 
between a ‘full’ and an ‘empty’ pore, an explanation we do not find satisfactory. For 
the idealised single cylindrical and slit-like pores considered here, the adsorption simply 
jumps vertically at the first-order transition. However, hysteresis could certainly be 
associated with the metastable portions of the loop in Tm. For example, in fig. 6 
adsorption might occur along the path ABCD and desorption along DCEA, avoiding 
the unstable portions where (iX’,/ap’) < 0. If desorption from ‘liquid’ to ‘gas’ occurs 
close to the equilibrium transition the resulting hysteresis loops would be similar to those 
found in measurements.l Such loops would also manifest themselves in computer 
simulations. It is tempting then to infer that the hysteresis found in experiment is 
associated with the mechanism described here. Presumably the non-uniformity of the 
pore size distribution and the complex connectivity of the pores in a real material act 
to smear out the hysteresis loops. That is not to say that certain pore geometries are not 
more important than others. (Conical and ‘ink bottle’ shapes are favoured in the 
literature!)’ Our work suggests that metastable wetting films persist to much larger 
pressures in slit geometry than in cylindrical geometry and this could lead to broader 
hysteresis loops in the former. In the literature’. 37 7 9  there is much confusion regarding 
the effect of pore geometry on hysteresis. It is sometimes suggested that certain 
geometries exhibit hysteresis, whilst others do not. We believe that such misconceptions 
arise from a failure to appreciate the underlying character of capillary condensation. Our 
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present interpretation of hysteresis is the same as that advanced many years ago by Hillll 
and is similar to that described by Saam and Cole.13 It differs in detail from the 
explanations of hysteresis put forward by Derjaguin and Churaev,28 although these 
authors also recognized the importance of the limit of metastability of wetting films. 

An important prediction of the present work is that, for fixed radius, the jump in 
adsorption associated with condensation should decrease as T is increased and should 
vanish at a critical temperature TEaP. This is illustrated in fig. 8. Such behaviour would 
manifest itself in real porous materials as the shrinking and eventual disappearance of 
hysteresis loops with increasing T. The measured adsorption isotherms for certain 
systems certainly exhibit this trend. In particular recent data39 for Xe on vycor glass and 
on activated carbon powder show the hysteresis loops shrinking and vanishing at 
TIT, = 0.87 and 0.94, respectively. A detailed comparison of theory and experiment for 
these systems should provide a searching test of several of the ideas presented here. 

We have benefitted from conversations and correspondence with D. H. Everett and 
M. M. Telo da Gama. Our collaboration was supported by an ‘Acciones Integradas’ 
grant from the British Council and the Spanish Ministry of Education. 

Appendix 1 
The effective one-body potential is 

exp ( - A I r - r’ 1) 
4eff(r) = - aA3 s dr’ p(r‘) 4nA I r - r’ I 

withp(r’) = p(R’) = 0 for R’ > R,. For cylindrical geometry it is convenient to expand the 
Yukawa potential as follows: 

x (Zm(R(k2 + A 2 ) i )  Km(R’(k2 + A 2 ) i )  8(R’ - R) 
+Km(R(k2+A2)’) Zm(R’(k2+A2)’) 8(R-R’)} (A 2) 

where 8 is the Heaviside (step) function, = z-z’ and q4 satisfies 
Ir-r’I = [IR-R’12+(2-2’)2$ 

= ( R2 + Rt2 - 2RR’ cos 4 + c2)i. 
co 

Using the relations s dc cos(kc) = d(k) 2n -a 

and 
2n m = O  
0 m f O  Jo2z d4 exp (im4) = 

one finds 

J:co dc JO2’ d4 exp (-A I r-r’ 1) 
Ir-r’I 

= h[IO(AR) Ko(AR’) 8(R’ - R)  + Ko(AR) Io(AR’) 8(R - R’)]. (A 3) 
Substituting this result into eqn (A 1) we obtain eqn (13). 
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Appendix 2 
For van der Waals forces the wall-fluid potential is 

where n,(r’) is the number density of wall molecules. In the cylindrical case the integral 
takes the form, for a constant density n, in the cylinder, 

V ( r )  ZE V,,,(R) = -An,  J dR’J ~ Z [ ( I R - R ’ ~ ) ~ + . Z ~ ] - ~ .  
--a, 

The z integration? along the axis of the cylinder, is straightforward: 

V,,,(R) = - -An,  3n dR’(IR-R’1)-5. 
IR’I 2 Rc 8 

The remaining two-dimensional integral can be expressed as 

where t = I R’ -RI and s(4) is a solution of RE = R2 +s2 - 2Rs cos 4. Thus 

with s(4) = R cos 4 f (RE - R2 sin2 4)4. 
Introducing x ZE R/R,  we rewrite this result as 

nAn, 
QW 4(R, - R)3 V,VW(R) = - 

with Q(x) = (1 - x ) ~  s,” d4 [x cos 4 &  (1 -x2 sin2 4)2]-3. 

Ni~holson’s~~ accurate polynomial fit to the function Q(x) was employed in the 
calculations. Theplanarlimitisrecoveredinthelimits Rand R, +oo withz = (R,  - R) > 0. 
This is achieved by setting x = 1 ;  then Q(1) = 2/3 and V,,,(z) = -nAnW/6z3, as 
required. By inspection Q(0) = ;n, so that V,,,(O) = -n2An,/4RE. 

The constant strength parameter An, was fixed by requiring the integrated strength 
of the attractive planar potential to be the same as that obtained from the exponential 
model, i.e. 

-jowdz- An, = -jomdze, exp(-A,z) = -- EW 

6z3 A, 
where 0, is a measure of the molecular diameter. Then An, = 12~,0&/7d,. Our final 
expression for the wall-fluid potential is 

R > R, -o ,  

where we have restricted the fluid molecules to lie inside the radius R,  - G,, thereby 
avoiding the singularity at R = R,. 

We note that an alternative expression for V,,,(R) can be obtained in terms of a 
hypergeometric function.13 
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