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I(λ) =

∫ b

a

e−λp(t)q(t) dt,

0*%2% a, b (!3 5% 61-)% +2 -161-)%7
8*% /+##+0-14 )%$*1-9.% ,!)%' 5!$: )+  !"#!$% ;<=>?@7 A5'%2B% )*!) )*% "%!:
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C-4.2% <F G#+) +/ f(λ, t) = e−λ cosh[t]eλ7 A5'%2B% "%!: -' $+1$%1)2!)%, 1%!2 t = 0 7

H1 %''%1$%  !"#!$%&' (%)*+, -' !' /+##+0'F I.""+'% )*!) t0 = a !1, p′(a) >
0, q(a) 6= 07 H1 )*% -1)%42!#

I(λ) =

∫ b

a

e−λp(t)q(t) dt,

0% 2%"#!$% p(t), q(t) 53 #+$!# '%2-%' %E"!1'-+1' 1%!2 t = t07 8*%1

I(λ) ∼
∫ b

a

e−λ(p(a)+p′(a)(t−t0))q(a) dt.

J% 2%"#!$% )*% .""%2K#-(-) 53 ∞ )+ +5)!-1

I(λ) ∼ q(a)e−λp(a)
∫ ∞

a

e−λ(t−a)p
′(a) dt.

L%1$%

I(λ) ∼ q(a)
e−λp(a)

λp′(a)
.
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 ! "#$%&'( t = t0 "$ '# "#%&)"*) +*"#% '#( p′′(t0) > 0 %,&#

I(λ) =

∫ b

a

e−λp(t)q(t) dt ∼
∫ b

a

e−λ(p(t0)+
1
2
p′′(t0)(t−t0)2)q(t0) dt -./01

2"#3& %,& +&'4 "$ 3*#3&#%)'%&( "# %,& #&"5,6*7)6**( *! t − t0 8& 9': )&+;'3&

%,& 7++&) '#( ;*8&) ;"9"%$ "# -./01 6: ±∞ 8"%, #&5;"6;& &))*)/ <,&# 7$"#5

∫∞
−∞ e−at

2
dt =

√

π/a !*) a > 0 8& *6%'"#=

I(λ) ∼ e−λp(t0)q(t0)

∫ ∞

−∞
e−λ

(t−t0)
2

2
p′′(t0) dt = e−λp(t0)q(t0)

√

2π

λp′′(t0)
.
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 !"#$"%  !""#$%

&' p(t) > p(a) (#) t ∈ (a, b) *+, -.% /0+0/!/ #( p(t) 0$ #+12 *"")#*3.%, *-

t = a'

4' p′(t), q′(t) *)% 3#+-0+!#!$ 0+ * +%05.6#!).##, #( t = a %73%"- "#$$0612 *-

t = a'

8' 9$ t→ a+

p(t) ∼ p(a) +
∞
∑

k=0

pk(t− a)k+µ, q(t) ∼
∞
∑

k=0

qk(t− a)k+σ−1,

:.%)% µ > 0, Re(σ) > 0, p0 6= 0, q0 6= 0. 91$# :% *$$!/% -.*- :% 3*+

,0;%)%+-0*-% p(t) -# #6-*0+

p′(t) ∼
∞
∑

k=0

(k + µ)pk(t− a)k+µ−1.

<'

∫ b

a
e−λp(t)q(t) dt 3#+=%)5%$ *6$#1!-%12 (#) 1*)5% λ.

>.%+

I(λ) =

∫ b

a

e−λp(t)q(t) dt ∼ e−λp(a)
∞
∑

k=0

Γ

(

k + σ

µ

)

ak

λ
k+σ
µ

,

:.%)% v = p(t)− p(a) *+,

f(v) =
q(t)

p′(t)
∼

∞
∑

k=0

akv
k+σ−µ

µ
*$ v → 0 + .
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 !" v = p(t)− p(a) "#!$

I(λ) =

∫ b

a

e−λp(t)q(t) dt

= e−λp(a)
∫ p(b)−p(a)

0

e−λvf(v) dv

%#!&! f(v) = q(t)/p′(t). '!$(!

I(λ) = e−λp(a)
∫ ∞

0

e−λvf(v) dv − e−λp(a)
∫ ∞

p(b)−p(a)
e−λvf(v) dv. )*+,-

.#! (/$"&012"0/$ 3&/4 "#! 567" 0$"!8&65 0$ )*+,- (6$ 1! 7#/%$ "/ 1! $!850815!+ 93

%! 27! :6"7/$;7 5!446 3/& "#! /"#!& 0$"!8&65 $/"0$8 "#6" 67 t→ a+< v → 0 6$=

f(v) ∼
∞
∑

k=0

akv
k+σ−µ

µ .

.#07 80>!7

I(λ) ∼ e−λp(a)
∫ ∞

0

e−λv
∞
∑

k=0

akv
k+σ
µ
−1 dv

= e−λp(a)
∞
∑

k=0

∫ ∞

0

e−λvakv
k+σ
µ
−1 dv, .

'!$(!

I(λ) ∼ e−λp(a)
∞
∑

k=0

akΓ

(

k + σ

µ

)

1

λ
k+σ
µ

.
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Kν(λ) =

∫ ∞

0

e−λcosh tcosh(νt) dt

6$= %! $!!= "#! 1!#6>0/2& 3/& 56&8! λ+
'!&! p(t) = cosh t #67 6 40$0424 >652! /3 C 6" t = 0+ '!$(! D2"

v = cosh t− 1

E/& 74655 t

v =
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+
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+ . . . . )*+F-
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 ! "#$ %$&!'( ()%* (+ ,$- t #* # ./$"(%+$ +. v .+' v *0#11 #$- ()! 1!#-%$2 (!'0 %*
t = (2v)

1
2 . 3)%* */22!*(* ()#( .+' *0#11 v 4! 0#5 4'%(!6

t = (2v)
1
2 + c1v + c2v

3
2 + . . . .

3)/* */7*(%(/(%$2 %$(+ 89:;< 4! ,$-

v =
t2

2!
+

t4

4!
+ . . .

=
1

2
[(2v)

1
2 + c1v + c2v

3
2 + . . . ]2 +

1

4!
[(2v)2 + . . . ] + . . . ,

= v + v
3
2 c1
√
2 + v2[

√
2c2 +

c21
2
+
1

6
] + . . . .

=+0>#'%$2 1%?! >+4!'* +. v +$ 7+() *%-!* %0>1%!* ()#(

c1 = 0, c2 = −
1

6
√
2
.

@!$"!

t = (2v)
1
2 − 1

6
√
2
v

3
2 + . . . .

@!$"!

Kν(λ) =

∫ ∞

0

e−λcosh tcosh(νt) dt = e−λ
∫ ∞

0

e−λv
dt

dv
[1 +

ν2

2
t2 + . . . ] dv

= e−λ
∫ ∞

0

e−λv[
1

2

√
2v−

1
2 − 1

4
√
2
v

1
2 + . . . ][1 +

ν2

2
(2v) + . . . ] dv,

= e−λ
∫ ∞

0

e−λv[

√
2

2
v−

1
2 + v

1
2 (

√
2

2
ν2 − 1

4
√
2
) + . . . ] dv.

3)%* 2%&!*

Kν(λ) = e−λ
√

π

2λ

[

1 +
1

2
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4
)
1

λ
+ . . .

]

,

#* λ→∞.

A9



 !"#$%&' ()*+%*,-./ 01+#2%" 01+ %"+-& x3  ! "#$$ %&'" &'" ()*$)+!,% -!.&'/
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Γ(λ+ 1) = λΓ(λ) =

∫ ∞

0

e−yyλ dy. ;<9=>

?!0+!

Γ(λ) =
1

λ

∫ ∞

0

e−yyλ dy.

@'"

e−yyλ = e−y+λ log y,

)0/ .&! 420+.#'0 r(y) = −y + λ log y &)% ) -#0#-2- ). y = λ. A. #% 1!..!5 .'
"'5B "#.& ) CD!/ *'#0. 5).&!5 .&)0 '0! /!*!0/#06 '0 λ9 E' *2. y = λt9 F&!0
%21%.#.2.#06 #0.' ;<9=> 6#7!%

Γ(λ) =
1

λ

∫ ∞

0

e−λtλλtλλ dt,

= λλ

∫ ∞

0

e−λ(t−log t) dt.

:'0%#/!5

I(λ) =

∫ ∞

0

e−λ(T−log T ) dT.

@'" P (T ) = T − log T &)% ) -#0#-2- 7)$2! '4 G ). T = 1 4'5 T > 09 A4 "!
)5! #0.!5!%!/ #0 H2%. .&! /'-#0)0. .!5- 4'5 Γ(x) "! +)0 5!*$)+! P (T ) 1I ) $'+)$
!D*)0%#'0 #0 .&! 7#+#0#.I '4 T = 1 )0/ "'5B "#.& .&).9 J!$'" "! %&'" &'" -'5!
.!5-% +)0 6!0!5).!/9 K#5%. "! "5#.!

I(λ) =

∫ 1

0

e−λP (T ) dT +

∫ ∞

1

e−λP (T ) dT, ;<9<>

)0/ !%.#-).! .&! ."' #0.!65)$% %!*)5).!$I9

:'0%#/!5

I1 =

∫ 1

0

e−λP (T ) dT. ;<9L>

M2. t = 1− T #0 ;<9L> %' .&). .&! -#0#-2- '++25% ). t = 0 )0/ .&!0

I1 =

∫ 1

0

e−λ(1−t−log(1−t)) dt. ;<9N>

@!D. $!.

v = 1− t− log(1− t)− 1 = −t− log(1− t).
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+
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+
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4
+ . . . .
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t = (2v)
1
2 + c1v + c2v

3
2 + . . . .

.&/0&

v =
1

2
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2 + c1v + c2v

3
2 + . . . ]2 +

1

3
[(2v)

1
2 + c1v + . . . ]3 +

1

4
[(2v)2 + . . . ] + . . . ,

=
1

2
[2v + 2

√
2vc1v + 2

√
2vc2v

3
2 + c21v

2 + . . . ]

+
1

3
[(2v)

3
2 + 3(2v)(c1v + c2v

3
2 ) + . . . ] + v2 + . . . ,

= v + v
3
2 [
√
2c1 +

2
√
2

3
] + v2[

√
2c2 +

c21
2
+ 2c1 + 1] + . . . .

12$('"/% -"3& 4*5&+# *) v */ 6*'! #"7&# %"8&# c1 = −2
3
(/7

√
2c2 = −(1 + 2c1 +

c21
2
) = −(1− 4

3
+
2

9
) =

1

9
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√
2
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(/7 5& !(8&

t = (2v)
1
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3
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√
2

18
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3
2 + . . . .
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v

1
2 + . . .

(# v → 0+ .9"'! '!& #$6#'"'$'"*/ v = −t− log(1− t) '!& "/'&%+(- :;<;= 6&0*,&#

I1 = e−λ
∫ ∞

0

e−λv
dt

dv
dv.

>#"/% 9('#*/?# -&,,( ,&(/# +&4-(0"/%

dt
dv
6@ '!& &A4(/#"*/ )*+ #,(-- v '* %&'

I1(λ) ∼ e−λ
∫ ∞

0

e−λv
[

1√
2
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1
2 − 2

3
+

1

6
√
2
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1
2 + . . .

]

dv,
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√
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√

π
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9& #'"-- /&&7 '* 0*/#"7&+ '!& #&0*/7 *) '!& "/'&%+(-# "/ :;<;=C "&C

I2 =

∫ ∞

1

e−λ(T−log T ) dT = e−λ
∫ ∞

0

e−λ(t−log(1+t)) dt. :;<D=
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 !"! p(t) = t− log(1+t) #$% $ &'('&)& *$+)! ,- . $/ t = 001)/ v = t− log(1+t)0
2% t→ 0+ 3! #$*!

v =
t2

2
− t3

3
+

t4

4
+ . . . .

4(*!"/'(5 /#'% -," %&$++ v %)55!%/% /#$/

t = (2v)
1
2 + c1v + c2v

3
2 + . . . .

6#)%

v =
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2
[(2v)

1
2 + c1v + c2v

3
2 + . . . ]2 − 1

3
[(2v)

1
2 + c1v + . . . ]3 +

1

4
[(2v)2 + . . . ] + . . . ,

=
1

2
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√
2vc1v + 2

√
2vc2v

3
2 + c21v

2 + . . . ]

−1
3
[(2v)

3
2 + 3(2v)(c1v + c2v

3
2 ) + . . . ] + v2 + . . . ,

= v + v
3
2 [
√
2c1 −

2
√
2

3
] + v2[

√
2c2 +

c21
2
− 2c1 + 1] + . . . .

 !(7! c1 =
2
3
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√
2c2 = −(1− 2c1 +

c21
2
) = −(1− 4

3
+
2

9
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1

9
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√
2
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t = (2v)
1
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2

3
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√
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18
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3
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1
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1
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$% v → 0 + . 9'/# /#! %):%/'/)/',( v = t − log(1 + t) /#! '(/!5"$+ ;<0=> -," I2
:!7,&!%

I2 = e−λ
∫ ∞

0

e−λv
dt

dv
dv.

I2(λ) ∼ e−λ
∫ ∞

0

e−λv
[

1√
2
v−

1
2 +

2

3
+

1

6
√
2
v

1
2 + . . .

]

dv,

= e−λ
[
√

π

2λ
+

2

3λ
+

√

π

2

1
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3
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+ . . .
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Γ(λ) = λλ(I1(λ) + I2(λ)),
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 !" #$%!& '() ")*%+)"  $,-.'/'%0 )1. !$%/!$ 2/* '() '3/ %!')&* 4$ &%+)$

Γ(λ) ∼ λλe−λ
√

2π

λ

[

1 +
1

12λ
+ . . .

]

,

 $ λ→∞.
5(%$ %$ 6'%*4%!&7$ 2/*-#4 2/* '() 8 -- 2#!0'%/! 2/* 4 *&) + 4#)$ /2 '()

 *&#-)!'9

 !"#$%& %' (#)#*%+),- .$)("

:! .4 0) /2 ; .4 0) ',.) %!')&* 4$ /2 '() 2/*- <=9>? $#../$) 3) 0/!$%")* %!')&* 4$

/2 '() 2/*-

I(λ) =

∫ b

a

eiλp(t)q(t) dt <@9>?

 !" 3) *)A#%*) '() B)( +%/#* /2 I(λ) 2/* 4 *&) λ. C $.)0% 4 0 $) /2 '()$)  *)

D/#*%)* '* !$2/*-$ 3%'( a, b *).4 0)" B, ±∞  !" p(t) = t9 D/* %!')&* 4$ /2 '()

2/*- '()*) %$  2 -/#$ *)$#4' E!/3!  $ '()  !"#$%%&'"(")*" +"##$ 3(%0(

$' ')$ '( ' I(λ) → 0  $ λ → ∞ .*/+%")" |q(t)| %$ %!')&* B4) %! '() %!')*+ 4 [a, b]
 !" '( ' p(t) %$ 0/!'%!#/#$4, "%F)*)!'% B4) 2/* a ≤ t ≤ b  !" !/' 0/!$' !' /!  !,

$#B%!')*+ 4 %! a ≤ t ≤ b9
:2 p′(t) %$ !/!GH)*/ %! a ≤ t ≤ b '()! 3) 0 ! #$) %!')&* '%/! B, . *'$  !" $(/3

'( ' I(λ) = O(1/λ)  $ λ→∞9 5() -/*) %!')*)$'%!& 0 $) %$ 3()! p′(t) %$ H)*/ %!

a ≤ t ≤ b9
IB$)*+) '( ' 2/* 4 *&) λ '() %!')&* !" %! <@9>? /$0%44 ')$  !" 0/!'*%B#'%/!$

0 !0)4 /#' )10).' !) * )!" ./%!'$  !" !) * $' '%/! *, ./%!'$ /2 p(t)9 5() B)G

( +%/#* /2 '() %!')&* 4 0 ! B) )$'%- ')" B, 4//E%!&  ' '() 4/0 4 B)( +%/#* /2 '()

2#!0'%/!$ p(t), q(t) !) * )!" ./%!'$  !" !) * '() $' '%/! *, ./%!'$ /2 p(t),  $ 3)
"%" 3%'( ; .4 0)7$ -)'(/"9 5() B $%0 %") /2 '() -)'(/" /2 $' '%/! *, .( $)

%$  $ 2/44/3$9 6#../$) '( ' p(t) ( $  $%!&4) $' '%/! *, ./%!' 2/*  ' t = t0 %!

a < t < b  !" 3) 0 ! 3*%')

p(t) = p(t0) +
1

2
p′′(t0)(t− t0)

2 + . . . , q(t) = q(t0) + . . . .

5()! 3) 0 !  ..*/1%- ') I(λ)  $

I(λ) ∼
∫ ∞

−∞
eiλ(p(t0)+

1
2
(t−t0)2P ′′(t0))q(t0) dt ∼ eiλp(t0)q(t0)

∫ ∞

−∞
eiλ

p′′(t0)
2

T 2

dT,

 !" $/

I(λ) ∼
√

2π

λ
e

iπ
4 eiλp(t0)q(t0),
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 !"#"  " !$%" &'"(

∫ ∞

−∞
eiλT

2

dT =

√

π

λ
e

iπ
4 .

)!" $*+%" ,$- *" ."-"#$/0'"( 1+ ("$/  01! +1!"# *"!$%0+&#' $-( 1+ +*1$0-

!0.!"# +#("# *"!$%0+&# $' 2+//+ '3 4&55+'" 1!$1 p(t) !$' $ '0-./" '1$10+-$#6
5+0-1 t = t0 0- t ∈ [a, b]3 7" ,$-  #01"

I(λ) =

∫ t0

a

eiλp(t)q(t) dt+

∫ b

t0

eiλp(t)q(t) dt. 893:;

<''&=" 1!$1 -"$# t = t0+  " !$%"

p(t) = p(t0) + α(t− t0)
ν + o((t− t0)

ν), q(t) = β(t− t0)
δ−1 + o((t− t0)

ν), 893>;

 !"#" ν > 0, δ > 0, $-( 1!$1 1!" "?5#"''0+- 2+# p(t) 0' (0@"#"-10$*/"A 0"

p′(t) ∼ αν(t− t0)
ν−1

$' t→ t0 + .

B+-'0("#

I1(λ) =

∫ b

t0

eiλp(t)q(t) dt.

C2  " =$D" 1!" '&*'101&10+-

v = s(p(t)− p(t0)) 893E;

 !"#" s = sgn(α) 1!"-

I1(λ) = eiλp(t0)
∫ |p(b)−p(t0)|

0

eisλvF (v) dv 893F;

 !"#"

F (v) =
sq(t)

p′(t)
.

G+1" 1!$1 2#+= 893>;A 893E; $' t→ t0+

t− t0 ∼
(

v

|α|

)
1
ν

.

)!&' &'0-. 1!" *"!$%0+&# +2 q(t) .0%"- 0- 893>;  " !$%"

F (v) ∼ sβ(t− t0)
δ−1

αν(t− t0)ν−1
∼ sβ

αν

(

v

|α|

)
δ
ν
−1

.

C2 F (v) 0'  "// *"!$%"( 2+# /$#." v 1!"- &'0-. 1!" $*+%"  " ,$- $55#+?=0$1" I1
*6

I1(λ) = eiλp(t0)
∫ |p(b)−p(t0)|

0

eiλsvF (v) dv

>H



∼ eiλp(t0)
∫ ∞

0

eiλsvF (v) dv.

 ! "#$ !%&'#"& &(! )!#*+$, -'*!' .!(#/+-' -0 I1 .1 '!2)#"+$, F (v) 3+&( &(! )-"#)
.!(#/+-4' $!#' v → 0+5 6(47

I1(λ) ∼ seiλp(t0)
∫ ∞

0

eiλsv
β

αν

(

v

|α|

)
δ
ν
−1

dv

∼ eiλp(t0)
sβ

αν
ei

π
2

δ
ν
s Γ( δ

ν
)

|α| δν−1λ δ
ν

,

3(!'! 3! (#/! 47!* &(! '!74)&
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ℜ
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